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ABSTRACT 
This study investigates the relationship between middle school students' 
proportional reasoning abilities and their understanding of steepness, since steepness may 
be a key developmental understanding that students need in order to understand slope in 
algebra. This study uses mixed methods, with a large-scale survey and one-on-one 
interviews with students. The large-scale survey involves two tests: an adapted version 
of the Ratio and Proportion Test administered in England for the Concepts in Secondary 
Mathematics & Science (CSMS) and Increasing Competence & Confidence in Algebra 
and Multiplicative Structures (ICCAMS) projects, and a steepness test which I created 
and for which I established content validity and test-retest reliability. The problems on 
the steepness test involve a comparison of two roofs, two staircases, or two lines. The 
problems vary by structural difficulty based upon the values of the slopes involved. 
Analysis of 413 research participants' survey data indicate that approximately 
25% of the variability in students' scores on the Steepness test is explained by their 
performance on the Ratio and Proportion Test. Linear regression has shown that there is 
a positive correlation between participants' proportional reasoning abilities and their 
abilities to solve steepness problems. Using paired t-tests, there is evidence of significant 
Vl 
difference in students' performance on the three contexts. The difficulties of contexts in 
the order of difficulty from hardest to easiest are: stairs, roofs, lines. 
Analyses of interviews with middle school students solving steepness problems 
indicate that they do use different strategies to solve problems based upon their 
proportional reasoning levels. Participants who attained higher levels of proportional 
reasoning used quantitative considerations of two measurements, norming, and rates and 
ratios to determine relative steepness more frequently than participants who attained 
lower levels of proportional reasoning. 
It was concluded that participants' abilities to solve steepness problems are 
related to their abilities to reason proportionally. The findings of this research contribute 
to literature on early algebraic reasoning that explores ways in which algebraic topics 
such as slope can be made accessible to students prior to their formal studies of algebra. 
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CHAPTER I 
INTRODUCTION 
Algebra and learning to think algebraically are important for academic success. 
Knowing and understanding algebra empowers students to solve problems and discard 
fallacious arguments (Arcavi, 2008). Having sufficient preparation in algebra can help 
students learn more advanced mathematics and prepare them for success in college, 
which in tum provides students with access to a variety of career choices (National 
Mathematics Advisory Panel, 2008). Careers in sciences, economics, technology, and 
medicine all depend directly on a strong background in algebra. Additionally, knowledge 
of algebra helps workers in any career keep track of their salaries, pay bills, calculate 
taxes, and save money for retirement. 
One of the beginning topics in algebra is the study of linear functions and a key 
concept of linearity is slope. Many situations can be modeled by a linear function. For 
instance, the relationship between cost of parking a car and the number of hours parked is 
linear. When graphed, this relationship has a slope that is the hourly rate. Another linear 
relationship exists between distance and time. A graph modeling the distance traveled 
by a car over time has a slope that is the car's speed. 
Slope is a key concept in algebra, but it is also difficult for students to learn. The 
National Assessment of Educational Progress (2005) found that only 36% of eighth grade 
students tested gave correct or partially correct answers to the problem: 
"A beetle [starting at (0,0) on the coordinate plane] moves 1 up and 2 
to the right each time. Is the point 75 up and 100 to the right on the 
beetle's path?" 
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In 2005, NAEP also reported that only 21% of students provided a satisfactory answer to 
a cost-per-minute problem, when shown a graph of total cost vs. length of call. These 
results suggest that middle school students' knowledge of slope is inadequate and that 
many students struggle with learning algebraic concepts. 
Researchers and educators have suggested that introducing algebraic thinking in 
earlier grades may facilitate the formal learning of algebra in grades 8 or 9 (Carraher & 
Schliemann, 2007; Kaput, 1997; National Council ofTeachers ofMathematics, 2000). 
Algebraic thinking involves generalizing arithmetic, problem solving, studying functions, 
and modeling real life situations (Arcavi, 2008; Kilpatrick & Izsak, 2008). It also 
includes proportional reasoning which involves thinking about quantities that vary 
directly. Through the lens of algebraic thinking, middle school students' study of 
proportional relationships can help them learn about slope. 
Proportional relationships can be represented as linear functions and can be 
graphed in the coordinate plane as lines passing through the origin. Visually, lines with 
different slopes have differing steepness. Building upon students' understandings about 
steepness of lines in various contexts as an angle, students may be able to understand 
steepness as a ratio, the slope of the line. Few studies have examined connections 
between middle school students' understandings of proportions and steepness. 
Statement of the Problem 
The purpose ofthis study is to assess middle school students' abilities to solve 
problems involving steepness (slope) and to identify factors that influence their problem 
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solving success. In particular, the goals of the study are: to determine if students' 
successes in solving steepness problems are related to their level of proportional 
reasoning, to the context in which the problem is situated, or to the level of difficulty of 
the problem. 
The research study is designed to answer the following questions: 
1. Are research participants able to successfully solve steepness problems? Does 
their success vary based on the 
a. context in which the problem is situated? 
b. structural difficulty level of the problem? 
c. interaction of context and difficulty level? 
2. What is the relationship between research participants' proportional reasoning 
levels and their abilities to correctly solve steepness problems? Does their success 
vary based on the: 
a. context in which the steepness problem is situated? 
b. structural difficulty level of the problem? 
c. interaction of context and difficulty level? 
3. What strategies do research participants, when classified by their proportional 
reasoning levels, use to solve problems involving steepness? 
Definitions of Terms 
Steepness and slope 
Steepness of a line is a quantity that can be assigned a numerical value in two 
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ways: using an angle in reference to another line or a ratio between two extensive 
measures. Whereas angles can be measured in degrees or radians, in this study, steepness 
will only be described using degrees. The steepness of a line is independent ofthe line's 
length. Steepness is also commonly quantified by the slope of the line, defined as the 
constant ratio between the differences of vertical (or y-coordinate) and horizontal (or x-
coordinate) lengths for any two points chosen on the line drawn in the two-dimensional 
coordinate plane. 
Referring to Figure 1.1.1 below, we can use horizontal line AF as the reference 
line and conclude the following regarding line AF (comprised of rays AG and GF) and 
rays GE, GD, GC, and GB: 
• Line AF is a horizontal and is the least steep of the lines shown. Angle AGF is 
180 or 0 degrees. It has a slope of zero. 
• Line GE has a slope of 1/3. Angle EGF, formed by ray GE and the horizontal, is 
the smallest nonzero angle formed by the horizontal line AF and a ray. The 
measure of angle EGF can be determined to be approximately 18° in two ways: by 
using a protractor, or by finding the inverse tangent of the slope 1/3. 
• Lines GB and GD are equally steep. The measure of angle AGB is equal to the 
measure of angle FGD, 45 degrees. Line GD tilts to the right and Line GB tilts to 
the left. The slopes of these lines are -1 and 1 respectively, but the magnitudes of 
their slopes are equal. 
• Line GC is the steepest. It forms a 90 degree angle with Line AF. Its slope is 
undefined. 
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Figure 1.1.1. 
Comparing the Steepness of Lines. 
In this study, problems related to slope will primarily focus on the characteristic of 
steepness, which emphasizes a line's magnitude rather than the direction. Steepness does 
not change whether the line is slanted to the right or to the left. 
Proportional relationships 
There are two types of proportional relationships: direct and indirect (Lamon, 
1999). A direct proportional relationship between two quantities x andy is modeled by 
the linear equation y = mx, where m is a constant number. The variable, m, is also the 
slope of the line graphed by the equation y = mx on the coordinate plane. The units of m 
are the units of y divided by units of x. The magnitude of m indicates how steep the line 
is; the larger the value of m, the larger the slope, and the greater the rate of change or the 
larger the ratio of differences. 
Direct proportional relationships can be modeled linearly, whereas indirect 
proportional relationships have a nonlinear graph. This study will only present direct 
proportional relationships. 
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Proportional reasoning 
Lesh, Post and Behr (1988) described proportional reasoning as "a form of 
mathematical reasoning that involves a sense of co-variation and of multiple 
comparisons, and the ability to mentally store and process several pieces of information 
(p. 93)." In particular, an essential characteristic of proportional reasoning involves 
"reasoning about the holistic relationship between two rational expressions such as rates, 
ratios, quotients, and fractions," which involves being able to process "second-order" 
relationships since proportional relationships are a multiplicative relationship between 
two measureable relationships (p. 93-94). 
Contexts of proportional reasoning used in this study 
Three problem situations for steepness problems will be used in this study: roofs, 
stairs, and lines in the coordinate plane. 
Roofs, used in a research study by Moyer, Cai and Grampp (1997), are composed 
of line segments whose slopes are of equal magnitudes; one line has a positive slope and 
the other line has negative slope. Roofs will be depicted in two-dimensional format in a 
coordinate plane, to facilitate numeric descriptions. Students will be able to determine 
vertical and horizontal distances by counting grid lines on the coordinate plane. 
Stairs, used in a research study Lobato (1996), are composed of horizontal and 
vertical line segments. The slope of a set of stairs can be determined by finding the slope 
of a line connecting the bottom and top vertices of the stairs. The stairs used in this study 
will be positively sloped. Again, these stairs will be placed in the coordinate plane so that 
students can determine the length and height of each stair. 
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The study of lines in the coordinate plane is found in middle and high school 
mathematics textbooks. The axes on which the lines are drawn are orthogonal and are 
usually called x andy. The lines used in this study will be positively sloped, will be 
shown only in the first quadrant, and will pass through the origin. 
Structural difficulty levels of problems 
This study uses Noelting's (1980a) classifications by stages too~. 11ine the 
steepness levels within each context. The following table lists Noelting's classifications 
by stages of students' abilities to solve mixture problems of number of cups of orange 
juice (x) versus number of cups of water (y) as well as the slopes oflines used in this 
study: 
Table 1.1.1. 
Noelting's (1980a) Classifications of Comparison Problem Difficulties. 
Stage Noelting's Slopes of the two Mathematical description 
sample item lines on 
Steepness Test 
IA (I ,2) vs. (2, I) lh vs. 2/1 The x for one ordered pair is the y for the other 
ordered pair. 
IB (1,1) vs. (1,2) Ill vs. 2/1 Corresponding x's are the same, but 
corresponding y's are different. 
IC (2,2) vs. (3,4) 2/2 vs. 4/3 One ordered pair is in the equivalence class of 
(I, I), the other ordered pair is not. 
2A (2,2) vs. (3,3) 2/2 vs. 3/3 Both ordered pairs are in the equivalence class of 
(I, 1 ). 
2B ( 4,2) vs. (2, I) 2/4 vs. lh The ordered pairs are in the same equivalence 
class that is not (I, I). 
3A1 (1,3) vs. (2,5) 311 vs. 5/2 For only one set of corresponding terms, one 
value is a multiple of the other. 
3A2 (2,3) vs. (3,4) 3/2 vs. 4/3 The corresponding terms have a difference of I. 
3B (5,2) vs. (7,3) 2/5 vs. 3/7 Neither of the corresponding terms are multiples 
of one another. 
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Levels of proportional reasoning 
This study uses the levels of proportional reasoning observed by Hart ( 1981,1984 ), which 
are summarized in Table 1.1.2 below: 
9 
Table 1.1.2. 
Hart's (1981, 1984) Proportional Reasoning Levels from the CSMS Ratio and 
Proportion Test. 
Level 
2 
3 
4 
Description 
No use of rate used, or 
used multiplication by 2 
or 3. 
Used rate of an integral 
ratio other than 2 or 3. 
Used non-integral ratios 
whose fractional 
representations are not 
in written reduced form. 
Used non-integral ratios 
whose fractional 
representations have a 
numerator and 
denominator that are 
relatively prime. 
Sample item 
Onion soup recipe for 8 persons 
8 onions 
2 pints water 
4 chicken soup cubes 
2 dessert spoons butter 
'iS pint cream 
I am cooking onion soup for 4 people. 
(i) How much water do I need? 
(ii) How many chicken soup cubes do I need? 
The newspaper says that 24 out of 800 Avenger cars have a 
faulty engine. What percentage is this? 
·············---------------------- r 
)"" 
.... Short 
----------- ------------------ _________________________ j --
You can,.., the be1ght of Mr Short measur<!d w1th P"P"' clips. 
Mr Short bas a friend Mr Tall. 
\\"hen we measure their heights "a<ith matchsticks. 
Mr Short's height is four matchsticks, 
Mr Tall's height is six matchstiCks. 
How many papel" clips are ne<!Md for Mr Tall's height? 
L. 
Wad< out how long the missmg 
lme should be if this diagram -
is to be the same shape but 
bigger than the one above . 
.......... em 
-------8' 
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Following Hart's scoring scheme, students must successfully complete two-thirds or 
more of the items at a particular level to be classified at that level, as well as fail to meet 
this standard for the next level. 
Justification 
At the turn of the 20th century, the study of algebra was reserved for America's 
elite during their high school years, and the majority of the algebra curriculum consisted 
of symbolic manipulation. Gradually, views of algebraic proficiency changed from 
resting solely on students' abilities to complete computational procedures to also valuing 
students' understanding of concepts and abilities to reason. Not only have views about 
the nature of algebra changed, but also ideas about the population to which algebra 
should be taught has changed (Kilpatrick, Swafford, & Pindell, 2001). 
Recently there has been a push for algebra to be taught to all students, based upon 
arguments for mathematical literacy and as well as due to government mandated high 
stakes testing for all high school students. As a result, researchers and educators have 
tried to add coherence and depth to K-8 mathematics so that algebraic thinking can be 
accessible to more students at an earlier age. They recommend that teachers provide 
students with sense-making experiences that enable them to engage in algebraic thinking 
in tandem with their learning of arithmetic (Schoenfeld, 2008). 
Proportional reasoning has been described as the "cornerstone" of algebra 
learning and "capstone" of the learning of elementary mathematical topics such as 
arithmetic, number sense, and measurement (Lesh, et al., 1988). Proportional 
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relationships take place within many contexts, and problems involving proportional 
relationships are depicted both in the real world and on the coordinate plane. Some uses 
of proportions in everyday life include baseball players' batting averages, sales tax, and 
the scaling of cooking recipes to match the number of people eating. In science, density, 
speed, and unit conversions are proportions. Some examples of the uses of proportions in 
mathematics include probability, similarity, and trigonometry. 
Many researchers have investigated middle school students' proportional 
reasoning in various non-graphical contexts. Proportional situations in which the objects 
are distinct are psychologically easier to handle than situations modeling a mixture of 
elements, and students can reason about discrete contexts as early as ages 6-8 (Van den 
Brink & Streefland, 1979). Students' familiarity with problem contexts also greatly 
influences their success rate on problems involving proportional reasoning (Toumiaire & 
Pulos, 1985). The types of relationships involved can also influence success rates in 
solving problems. Singer and Resnick (1992) found that middle school students were 
more successful solving problems involving part to part proportional relationships than 
problems involving part to whole relationships. 
In addition to affecting success rate, context has been shown to influence the type 
of strategies that students use when solving proportionality problems. Students 
commonly make the mistake of applying additive reasoning to multiplicative 
relationships (Hart, 1988; Kaput & West, 1994; Lamon, 1993; Lehrer, Strom, & Confrey, 
2002; Simon & Blume, 1992). Simon and Blume (1992) hypothesize that students have 
difficulties determining whether to use additive or multiplicative methods because they 
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have not yet developed criteria for choosing one method over the other in the contexts 
presented. 
The structure or mathematical difficulty of problems also influences students' 
strategies and success rates in solving problems involving proportional tasks (Tourniaire 
& Pulos, 1985). Students tend to have greater success in solving problems situated in 
contexts where two situations are related by integral ratios, possibly because it is easier 
for students to use additive build-up processes to solve these problems (Lesh, et al., 
1988). The presence of non-integral ratios in a context can confuse students who 
struggle with conceptual understanding of the context (Harel & Behr, 1989; Tabart, 
Skalicky, & Watson, 2005). 
Proportional relationships can be represented as graphs of straight lines through 
the origin. This type of relationship is one of the simplest functional relationships found 
in the algebra curriculum. Little research has been done to show whether the same 
contextual and structural factors affecting students' understandings of proportional 
reasoning also affect students' understandings of slope. Two common contexts in which 
slope is studied include slides and ramps. Lobato (1996) found that students had 
difficulty identifying what parts of a slide they should measure in order to determine its 
steepness, because they were distracted by other line segments comprising the slide. In 
research conducted by Simon and Blume (1994), students found two measures of 
steepness: the difference between the height and the base length, or the ratio between the 
height and the base length. The studies by Lobato and Simon and Blume show that 
students need to develop a way of conceptually connecting their mathematical measure of 
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steepness with the physical contexts that they are given. Mathematically, one could 
argue that developing proportional reasoning is a prerequisite to understanding the 
concept of slope, since slope is a graphical depiction of a proportional relationship. 
It is also well known that students who are formally learning algebra struggle with 
the concept of slope of a line, particularly when the axes on the coordinate plane in which 
the line is drawn do not have the same units (Zaslavsky, Sela, & Leron, 2002). Slope has 
traditionally been taught using a ratio approach such as "rise over run" or "change in y 
over change in x." But there may be other ways in which slope could be introduced to 
students. For instance, using students' geometric intuitions regarding steepness of objects 
could be a helpful entry point into learning slope. Mitchelmore and White (2000) found 
that 86% of sixth grade students in their study were able to identify a common construct 
between the standard angle formed by two lines and a vertex and static angles in physical 
situations such as the intersection of two streets on a map or a leaning signpost's angle 
with the ground. Perhaps students' understandings of angles can serve as an entry point 
to their using a ratio to compare lines' steepness (Simon & Blume, 1992). 
Simon (2006) believes that knowledge that the mathematical community takes as 
"shared," such as how slope should be taught as a ratio, does not always directly correlate 
with "key developmental understandings" (KDUs) that students need to attain in order to 
grasp a concept such as algebraic slope. Namely, do students need to be able to reason 
proportionally or represent steepness as a ratio in order to understand slope? Simon 
recommends that in order to identify KDUs, educators should observe students while 
they solve problems, rather than base instruction solely upon mathematical arguments. 
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Understanding steepness may be a key developmental prerequisite that influences the 
learning of slope as a ratio. Very few studies have explored the connections between 
middle school students' understandings of proportional relationships and the graphical 
manifestations of these relationships. 
In summary, in an effort to build upon existing early algebra research literature, 
this study will attempt to reveal students' understandings of steepness prior to students' 
formal study of slope in algebra. While many studies have investigated middle school 
students' understandings of proportionality and other studies have investigated high 
school students' understandings of slope, this research explores potential links between 
middle school students' understandings of proportionality and steepness. Are the 
difficulties with proportional reasoning exhibited by students also present in their 
reasoning about steepness? Are students' abilities to solve non-graphical proportional 
problems correlated with their abilities to solve graphical problems regarding steepness? 
The results of this study will have implications for the way slope is introduced and taught 
at the middle school level. 
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CHAPTER II 
REVIEW OF THE LITERATURE 
The purpose of this study was to assess middle school students' abilities to solve 
problems involving steepness and to identify factors that influence their problem solving 
success. This study also sought to determine the extent to which participants' successes 
in solving steepness problems were related to their level of proportional reasoning, to the 
context in which the problem was situated, or to the mathematical level of difficulty of 
the problem. 
In order to gain insight into the various aspects of this study, a review of the pertinent 
mathematics education literature and research is presented. Section I addresses 
proportional reasoning. Section II addresses slope and steepness. Section III presents the 
construct of key developmental understandings as a theoretical framework underlying the 
study. 
Section 1: Proportional Reasoning 
The nature of proportional reasoning 
Proportional situations are part of the multiplicative conceptual field. The 
multiplicative conceptual field was identified by Vergnaud ( 1994) as being the set of 
situations requiring multiplication, division, or a combination of the two operations; a set 
of schemes needed to deal with these situations; a set of concepts; and a set of formulas 
and symbols representing these concepts. Vergnaud postulates that knowledge about the 
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multiplicative conceptual field is shaped through mastering problems of increasing 
difficulty. More specifically, helping students navigate through the multiplicative 
conceptual field involves developing situations that students can progressively master and 
identifying concepts required to operate efficiently in these situations. Situations that use 
ideas of the multiplicative conceptual field can be situated in a real-world context or a 
· mathematical context. 
Concepts involved in the multiplicative conceptual field include multiplication 
and division, linear functions and their graphs, rates, ratios, fractions, and rational 
numbers. These concepts all involve multiplicative relationships between and within 
quantities. An understanding of the multiplicative conceptual field entails identifying 
when situations require multiplicative reasoning, particularly distinguishing between the 
uses of additive and multiplicative reasoning. It also entails being able to perform 
operations with fractions, such as writing equivalent fractions and solving for an 
unknown variable in a proportion. With knowledge of concepts in the multiplicative 
conceptual field, students should be equipped to see connections between modes of 
representations of multiplicative concepts such as symbols, tables of data, area models, 
and written descriptions of real-world situations. 
A number of parts of the multiplicative conceptual fields are relevant to this 
study. Proportionality is a mathematical relation between quantities that can be 
represented symbolically as a/b=c/d; the ability to mentally process this relation involves 
proportional reasoning. 
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The most common type of proportional relationship is a ratio. In ratios, there is a 
multiplicative comparison of two or more quantities. When the quantities have the same 
unit of measurement, they are said to be in the same measure space, and the ratios of 
these quantities are dimensionless. Quantities in ratios can be related in different ways: 
as a part compared to a part, as a part compared to a whole, or as a scale factor that 
relates two similar figures. An example of a part to part comparison is 12 girls to 13 boys 
in a class, which can be expressed as 12/13. A part to whole comparison is 12 girls to 25 
students in the whole class, which can be expressed as 12/25. An example of two similar 
figures is two squares, one with side length 8 inches and the other with side length 4 
inches. The scale factor relating the larger square to the smaller square is 8/4, or 2. 
Rates, which are a type of ratio, involve a comparison of two numbers that 
represent different types of quantities, and there are two measure spaces involved, one for 
each type of quantity. These types of proportional relationships are called 'associated 
sets' because each of the quantities is a set and they are associated in a multiplicative way 
(Lamon, 1993; Marshall, 1993). A common rate is speed, which is expressed using 
distance over a period of time, such as miles per hour. When graphed on the coordinate 
plane, all proportional relationships form a straight line that passes through the origin and 
are often referred to as direct proportional relationships. 
Slope refers to a property of a line that represents a proportional relationship that 
is either physical in the case of ratios, or functional in the case of rates. Slope is one of 
the two ways of measuring a line's steepness; another way to measure the steepness is by 
using the angle that the line forms with a horizontal line. Using an angular measure of 
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steepness entails looking at one measurement, the number of degrees of the angle. Using 
the slope to measure steepness entails a multiplicative comparison of two measurements, 
the lengths of the vertical and horizontal differences. A diagram of the connections 
between these ideas is shown in Figure 2.1.1. 
Figure 2.1.1. 
Concepts in Multiplicative Conceptual Field Related to Proportional Reasoning and 
Slope. 
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The study of proportional reasoning ability has been widely researched beginning 
with empirical studies performed by Piaget and lnhelder (1958). By observing students 
solving proportion-related tasks in multiple contexts, Piaget hypothesized that children 
undergo three stages of cognitive development, which he termed sensori-motor 
(approximately from birth to 2 years of age), pre-operational (approximately from ages 2-
7 years), and operational (approximately spanning between ages 7 to 16). The stage that 
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7 years), and operational (approximately spanning between ages 7 to 16). The stage that 
is most relevant to the participants in my study is the operational stage, which Piaget 
subdivided into the concrete operational stage and the formal operational stage. Students 
whose thinking is characteristic of the concrete operational stage can deal effectively with 
concrete operations and computations, but they are unable to fully process situations that 
involve abstract operations and ideas. For instance, Thornton ( 1980) stated that concrete 
operational students should be able to solve the equation x/3=7/5 for x. However, these 
students may not be able to recognize that this equation can be used to find the length of 
the shadow of a three-foot tall child whose five foot mother has a seven foot shadow. In 
the formal operations stage, students should be able to solve such problems involving 
second-order relationships, that is they are able to process relationships between 
relationships such as proportions (Inhelder & Piaget, 1958). 
Proportional reasoning tasks 
In order to discuss problems that can be solved using proportional reasoning, it is 
helpful to classify problems. Comparison problems provide information about four 
quantities that can form two ratios, and ask which one is more than the other. For 
example, "At Store A, 3 beads cost $4. At Store B, 5 beads cost $6. Which store has the 
better buy?" where the price of beads needs to be compared relative to the number of 
beads offered at each store. Missing value problems provide information about three 
quantities involved in two ratios and ask for the value of the fourth quantity that would be 
needed to make the two ratios equivalent. An example of a missing value problem is, "3 
beads cost $4. How much do 7 beads cost?" where the missing value is the price of the 7 
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beads, assuming that the unit price remains the same. 
Comparison and missing value problems have been analyzed in terms of the 
contexts in which the problems are situated, and the structural difficulties of the problems 
based upon the mathematical relationships between the given quantities. Tourniaire and 
Pulos ( 1985) classified contextual features of multiplicative relationships that affect 
students' problem solving success on missing-value proportion related problems. They 
found that the presence of a liquid mixture such as paint can confuse students, whereas 
situations in which discrete quantities are used may be easier for students to understand. 
The impact of the discrete or continuous nature of contexts needs further clarification, but 
appears to also be dependent upon students' age and gender (Tourniaire & Pulos, 1985). 
They determined that students' unfamiliarity with the given context deters them from 
correctly solving problems; for instance, students unfamiliar with photocopy machines 
may have difficulty solving problems involving copy ratios. They also found that the use 
of physical manipulatives can help students understand contexts and solve proportion-
related problems. Additionally, Resnick and Singer (1993) found that children were 
more successful in solving probability problems involving part-to-part ratios than 
problems involving part-to-whole ratios. 
Researchers have analyzed tasks in terms of not only the contexts in which they 
are presented, but also in terms of the structures of the problems. Comparison proportion 
related problems have been empirically ordered in terms of difficulty based upon the 
numbers given in the problem contexts. Noelting (1980b) interviewed 321 children 
ranging from ages 6 to 16, using a survey instrument consisting of 23 comparison 
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problems about orange juice. The problems presented two drinks, each mixed with a 
certain number of glasses of orange juice and a certain number of glasses of water. The 
problems asked which of the two drinks would taste more "orangy." 
Noelting delineated eight stages of students' understandings, which are ordered 
chronologically by "ages of accession" - age groups where 50% of the interviewed 
students correctly solved at least one item in each stage. Stages 1A, 1B, and 1C 
correspond to Piaget's pre-operational thinking and the age of accession for these stages 
is 7 years old. Stages 2A and 2B correspond to Piaget's concrete operational thinking 
and the ages of accession for these stages are 8 and 10.5 years old respectively. Stages 
3A1, 3A2, and 3B are considered formal operational thought and the ages of accession 
were 12 years and 15 years, 10 months respectively. Table 2.1.11ists Noelting's (1980a) 
stages of students' abilities to solve mixture problems and the corresponding proportional 
reasoning required. 
Table 2.1.1. 
Noelting's (1980) Stages of Proportional Reasoning. 
Stage Sample ratios Mathematical description 
1A (1 ,2) vs. (2, 1) Corresponding x's are different. 
1B (1,1) vs. (1,2) Corresponding x's are the same, but corresponding y's are different. 
1C (2,2) vs. (3,4) One ordered pair is in the equivalence class of (I, 1 ), the other 
ordered pair is not. 
2A (2,2) vs. (3,3) Both ordered pairs are in the equivalence class of (I, I). 
2B ( 4,2) vs. (2, I) The ordered pairs are in the same equivalence class that is not (I, 1 ). 
3AI (1,3) vs. (2,5) For only one set of corresponding terms, one value is a multiple of 
the other. 
3A2 (2,3) vs. (3,4) The corresponding terms have a difference of I. 
3B (5,2) vs. (7,3) Neither of the corresponding terms are multiples of one another. 
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Students who reason proportionally can understand structural relationships in 
comparison and missing value problems, justify claims about structural relationships 
between four quantities in a context involving covariance of quantities and invariance of 
ratios or products, and extend these relationships to other pairs of quantities (Lamon, 
2007; Vergnaud, 1988) . In addition, students who reason proportionally can identify in 
which contexts proportional reasoning is applicable and solve proportionality problems in 
multiple ways depending on the contexts and given information (Post, Behr, & Lesh, 
1988). 
Solution strategies for proportion problems 
There are many correct and incorrect strategies that students use to solve proportion 
problems. Correct strategies for solving proportion problems can be categorized by their 
additive or multiplicative natures. Students normally begin with more additive 
approaches to solving problems involving proportional reasoning, and as they make sense 
of the co variation between quantities, they progress to using multiplicative methods 
(Siegler, 1976). The four strategies presented below are not only in the order that 
students tend to chronologically develop them, but also they appear in the order of their 
connection to multiplicative reasoning: 1) partitioning, 2) norming, 3) unitizing, and 4) 
multiplicative thinking. 
The first developmental strategy that students tend to use when solving proportion 
problems involves partitioning and building up and down approaches. Partitioning 
strategies require that students are able to partition each shared unit into equal pieces for 
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all sharers, so that each has a "fair share" (Empson, 2002; Streefland, 1993); the number 
of things to be shared could be less than, equal to, or greater than the number of people 
sharing them. For example, if 3/4 of a pie is to be shared equally among six people, a 
partitioning solution involves dividing 3/4 into six equal pieces (see Figure 2.1.2). 
Figure 2.1.2. 
Partitioning % of a Whole Pie into Six Equal Pieces. 
1r&W1ml ] 
Through interviews with children in grades one through three, Pothier & Sawada 
(1983) observed that students' ideas about partitioning progress in a predictable order: 
first they halve regions, then they divide regions into powers of two, followed by an 
ability to divide a region into an even number of pieces and then an odd number of 
pieces. It is then not surprising that grade six and eight students partition most easily 
when there is an integral multiple involved, as opposed to when the context involves a 
non-integral, fractional multiple (Pulos, Karplus, & Stage, 1982). 
Partitioning strategies can help students 'build up' or 'build down' using 
composite units to solve missing value proportionality problems (Lo & Watanabe, 1995). 
For continuous, dissectible objects such as pizzas, Lamon (1994) observed that grades 
five through eight students used three partitioning strategies: preserved-pieces (make as 
few cuts as possible), mark-all (each pizza is subdivided but students receive the same 
24 
pieces as in preserved-pieces), and distribution (each pizza is subdivided so each student 
gets a part of each pizza). 
Building-up occurs when a student establishes a ratio and then extends it to a 
second ratio by addition. Lamon (2007) illustrates a student's use of this process to 
determine the cost of 6 pencils, given that the cost of 2 pencils is $0.65. The student 
found that $0.65 for 2 more pencils is $1.30, and $0.65 for 2 more is $1.95. The student 
only used addition and "built up" to the cost of 6 pencils - thus avoiding multiplication. 
Building-down is the same process using subtraction. 
A more advanced solution strategy for solving comparison problems is norming, 
which involves a reinterpretation of a situation in terms of some chosen unit. An 
example ofnorming is provided by Lamon (2007):"There are 3 pizzas for 7 girls, and 1 
pizza for 3 boys. Who gets more pizza, a girl or a boy?" One student's solution involved 
finding an equivalent ratio: 1 pizza for 3 boys was rewritten as 3 pizzas for 9 boys. The 
student then compared 7 girls to 9 boys. The student said, "if the pizza were served so 
that there was always 1 pizza for 3 people, the girls would get more [each] because they 
could have fed 2 more people (p. 644)." Notice that while the student did compare the 
two ratios, 3:7 and 1:3, and constructed the equivalent ratio to 1:3 as 3:9, when 
comparing 3:7 and 3:9 he did not use multiplicative reasoning. The application of this 
strategy to ratios written as fractions is to find equivalent fractions such that the 
numerator is held constant between two fractions, and using only a comparison of the 
magnitudes of the denominator. 
Additive-scaling (Karplus & Peterson, 1970) is a parallel strategy to norming, but 
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is only used when solving missing-value problems. An example of additive-scaling is 
provided by Lo and Watanabe (1997): "Yesterday I bought 28 candies with 12 quarters. 
Today ifi go to the same store with 15 quarters, how many candies can I buy?" One 
student used physical candies and quarters to form 4 groups of 7 candies and matched 
them with 4 groups of 3 quarters to form groups of 7 candies and 3 quarters. The student 
then added 7 to the number of candies to get 35 candies, and 3 to the number of quarters 
to make 15 quarters. This additive-scaling strategy is different from the partitioning 
strategy in that the missing value is not an integral multiple of a given amount. 
The unitizing strategy enables students to conceptualize the amount of a share 
during the sharing process and is based on the concept of grouping to form different sized 
units (Lamon, 2002). For example, the fraction% can be conceptualized as 3 (1/4-size) 
pieces, or as 6 (118 size) pieces or as 9 (1/12 size) pieces. Unitizing can be used to create 
equivalent fractions and can be used to help students partition objects. Figure 2.1.3 
illustrates equivalent fractions for %, created using the unitizing strategy: 
Figure 2.1.3. 
Unitizing% by Creating Equivalent Fractions 6/8 and 9/12. 
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The unitizing strategy is often used to solve cost-comparison problems such as 
"Crinkles cereal costs $3.96 for 16 oz. and Chunks cereal costs $2.88 for 12 oz. Which 
cereal is the best buy?" Units of one ounce can be used as can units of 4 ounces to solve 
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this problem. 
The final and most sophisticated type of strategy used to solve missing 
value and comparison proportion problems involve multiplicative thinking (Karplus, 
Pulos, & Stage, 1983). Three formal student multiplication strategies for solving the 
equation 5/6=x/24 using multiplication were observed by Weinberg (2002): 
1. Equivalent fractions: Find out that 6 divides into 24, four times. Multiply 4 by the 
numerator 5 and get x=20. 
2. One-step equation: Undo x/24 by multiplying both sides by 24 to get x = 20. 
3. Cross multiplication: 5*24=6*x, then divide both sides by 6 to get x = 20. 
Analogous multiplication strategies for comparing ratios written as fractions 
include: using equivalent fractions with either common numerators or common 
denominators to determine the larger fraction, and cross multiplication to form common 
denominators so that the fraction with the larger numerator would be the larger fraction 
(Behr, Wachsmuth, Post, & Lesh, 1984). 
Students' difficulties solving proportional reasoning problems 
There are several major difficulties that students experience as they develop 
proportional reasoning skills. Hart's (1981) research indicates that students use different 
strategies for each new type of proportional problem, indicating that they do not see a 
common mathematical theme between the problems. Karplus and Peterson ( 1970) and 
Hart ( 1981) have identified four types of incorrect strategies which students use: 1) 
scaling, 2) intuitive computation, 3) incomplete proportion, and 4) additive reasoning. 
The following problem will be used to illustrate these incorrect strategies. 
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Figure 2.1.4. 
Mr. Tall, Mr. Short Problem from Karplus and Peterson (1970) and Hart (1981). 
You can see the height of :Mr Short measured mth paper cltps_ 
}vfr Short has a friend Mr Tall 
When we measure their heights with matchsticks, 
}vfr Short's height is fuurmatch'!ticks, 
Mr Tall's height is six matchsticks_ 
How many paper clips are needed for Mr Tall's height? 
The four strategies differ in their consideration of the given data. The first type of 
strategy, incomplete scaling, only uses two of the three pieces of data given. For 
instance, a student may say that since Mr. Short is 6 matchsticks high, Mr. Tall must be 
double that height or 12 paper clips high, without justification from the data. Weinberg 
(2002) also observed incomplete scaling in her students' work, and hypothesized that the 
students who use scaling do not understand the role of at least one of the given quantities 
in the situation. When students ignore given data, it is possible that they are unable to 
determine the utility of all of the quantities or are not yet ready to think about co-
variation of quantities. The use of multiplication or division indicates that the student at 
least partially understands that some type of ratio is involved. 
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Another incorrect approach is called the intuitive computation strategy. In this 
strategy, all three numbers in the given problem are used, but are used incorrectly. For 
example, an incorrect operation may be chosen or the numbers may be used in an 
incorrect order. In the Mr. Tall, Mr. Short problem, a student using the intuitive 
computation strategy, may first determine the height differential in matchsticks (6-4=2), 
and then multiply 6 paperclips by 2 to obtain 12 paperclips as the height of Mr. Tall. 
Weinberg's (2002) research documented the use of this type of error, and hypothesizes 
that students use intuitive computations because they do not understand the role that each 
number plays in the solution. 
The third incorrect strategy, the incomplete proportion strategy, involves an 
inaccurate application of extensive and intensive measures in the given data. Extensive 
measures, such as time and distance, can be directly measured. Intensive measures use a 
combination of extensive measures and may not be directly measurable. A student using 
incomplete proportions may find the scale factor between Mr. Short and Mr. Tall to be 
4/6, but then add 6+2/3 to determine the height of Mr. Tall to be 6 2/3 paper clips. 
Adding an intensive measure with an extensive measure is not valid, since the measures 
have different units. However, this is the source of the error in the incomplete proportion 
error. When trying to solve proportion related problems, it appears that students do not 
distinguish between extensive and intensive measures. 
The most common error when solving proportion problems involves the 
application of the additive reasoning strategy. Additive thinking uses differences rather 
than ratios to predict missing values. Students may incorrectly apply additive reasoning 
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to proportional relationships because they know much more about additive than 
multiplicative properties of numbers (Resnick & Singer, 1993). Its use indicates that 
students are not reasoning proportionally. A student who uses the additive reasoning 
strategy to solve the Mr. Tall, Mr. Short problem might find that the numerical difference 
between the extensive measures of 6 and 4 matchsticks is 2. The student may formulate a 
theorem-in-action that in order to preserve this relationship, the difference between the 
number of matchsticks and the difference between the number of paperclips should be the 
same. Using this idea, the student would add 2 to the number of paperclips of Mr. 
Short's length 6, to arrive at the answer that Mr. Tall is 8 paperclips tall. Correct 
proportional reasoning takes into account the ratio 4/6 or 6/4 between the two matchstick 
lengths and would keep this ratio invariant in the problem: Mr. Tall is 6 * (6 I 4) or 9 
paperclips tall. 
Hart (1981) found that additive reasoning was the most prevalent strategy among 
13 and 14 year olds solving for Mr. Tall's height. Over 51% of 13 year olds provided the 
additive answer, compared with 28.1% of 13 year olds who arrived at the correct answer. 
Also, 50.6% of 14 year olds gave the additive answer, compared with 29.6% of 14 year 
olds who arrived at the correct answer. Over half of the students in both age groups 
thought that they should keep differences constant rather than ratios constant. 
A summary of student responses to the Mr. Tall, Mr. Short problem is given 
below. 
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Table 2.1.2. 
Karplus' Classification of Student Responses to Mr. Tall, Mr. Short missing value 
proportional task. 
Karplus' classification of Karplus' description of Sample student response 
student responses student responses 
Scaling (S) Explanation based on a change If Mr. Short is 6 matchsticks 
of scale that the student does high, Mr. Tall must be twice 
not justify in terms of the data as high 
Intuitive computation (IC) Explanation uses data 6-4=2, and 6*2=12 
illo_gically 
Incomplete Proportion (IP) Explanation makes use of ratio 4/6 = 2/3, and 6+2/3 = 6 and 
but incorrectly applies it 2/3 
Additive (A) Explanation focuses on a 6-4=2, and 6+ 2 = 8 
single difference that is 
uncoordinated with the other 
differences 
While the four types of error mentioned so far account for the majority of incorrect 
responses, Hart (1981) suggests that many errors may be due to computation mistakes. 
Thus, when applying one of the productive strategies, students may respond with an 
incorrect answer. Hart suggests that the development of proportional reasoning is not 
only dependent upon students' conceptual understandings, but also upon students' 
fluencies in carrying out the procedures they attempt. 
In summary, this section presents student learning of proportional reasoning. It 
begins with a description of proportional reasoning and its relationship to the 
multiplicative conceptual field. It then reviews empirical results regarding features of 
tasks that influence students' learning. A series of strategies that students tend to use as 
they progress from additive to multiplicative thinking is presented. The last part of this 
section focused on incorrect student strategies that result from incomplete understanding 
of proportional reasoning. 
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Section II: Slope and steepness 
Slope 
Linearity is an important concept in algebra. Many quantities in the real world 
are related in ways that can be represented linearly and being able to model these 
situations with equations is extremely useful. Students build upon their understanding of 
linearity when learning more complex topics in algebra. Yerushalmy (1997) believes that 
helping students understand linear equations in two variables is of utmost importance for 
further mathematical understanding, and that "moving from single-variable functions into 
two-variable functions is more complex than generalizing from two variables to many 
(pp. 1)." One ofthe key concepts involved in studying linearity is slope. 
The slope, m, ofthe graph ofthe linear equation,y = mx + b, has both direction 
and magnitude. A positive slope indicates that as the x values increase, they values also 
increase, and a negative slope indicates that as the x values increase, they values 
decrease. A large magnitude of slope indicates a steep line, and a horizontal line has a 
slope of zero. Though the steepness of the representations of a line may change 
depending on the units of the axes on which the line is graphed, the slope remains the 
same and is the rate of change of the value of y depending upon the value of x. 
Walter and Gerson (2007) and Schoenfeld, Smith and Arcavi (1993) identified 
several developmental levels of understanding of slope, ranging from local to global 
meanings. An understanding of slope at the local level involves identifying and 
interpreting slope for a specific segment of a line. An understanding of slope on a global 
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level entails understanding slope's meaning in a functional context as the rate of change 
between two quantities. 
Slope is first understood through the process of repeated addition. For instance, 
in Figure 2.2.1, the line's slope of 2/1 involves an increase of two vertical units for every 
increase of one horizontal unit. A student with local understanding of slope would be 
able to use points (1,2) and (2,4) on the graph and the slope to construct the rest of the 
line by continually building the line up using the pattern of two up, one across. 
As students' understanding of slope develops, they realize that the slope of a line 
is the same between any two points on the line. To compute the slope, division is used: 
m = YJ- Y2 for points (xi, y1) and (x2, y2). This is often called the "rise over run" method 
Xl-X2 
of computing slope because it uses the vertical distance over the horizontal distance 
between the two points. In order to correctly interpret the vertical and horizontal 
distances, it is necessary to take into account the units on the vertical and horizontal axes. 
Figure 2.2.1. 
Graph of a Line with Slope of 2. 
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Some of the same kinds of difficulties that students experience with missing 
values and comparison problems are also found in students' understandings of slope. 
Schoenfeld, Smith and Arcavi (1993) and Lobato and Siebert (2002) found that 
participants used irrelevant data to describe and compute slope. For instance, some 
observed faulty ideas used by participants included the following: the magnitude of a 
line's slope depends upon the line's location in a quadrant of the coordinate plane, 
changes in the slope will necessarily change they-intercept of the line, the slope is the 
scale of the x-axis, and that slope denotes the interval between successive tick marks 
along the x axis. Other participants thought that only a change in x-values or y-values 
was necessary to compute slope, or found both changes in x- andy-values but did not 
know how to combine them (Lobato, Ellis, & Munos, 2003). These findings suggest that 
even though participants had been taught a procedure to compute slope, if they 
conceptually do not understand what the procedure means, they may be unable to 
determine or interpret the slope of a line. It is unclear whether the ability to coordinate 
the relevant data as a ratio is dependent upon participants' abilities to reason 
proportionally. 
Even when students do gather relevant data, they may have trouble separating it 
from irrelevant information when computing slopes. A participant in Moschkovich 
( 1996)' s study suggested that two movements could be required to make they = x line 
steeper: by rotating it counterclockwise, and by moving it up and then rotating it. A 
participant was unable to separate translation from rotation, but it is unclear if 
participants understood that rotation by itself would vary the steepness of the line. This 
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kind of error is similar to the incomplete proportions error in proportional reasoning, 
because while the participant may have some correct insights regarding rotation, these 
insights are applied erroneously. 
Just as there has been evidence that the numbers involved in comparison and 
missing value problems may impact students' success in solving the problems, there is 
evidence that the way numbers are presented to students can impact their solution success 
of slope problems. Lobato and Siebert (2002) provided participants in their study with 
tabular data and asked them to compute the slope. The table provided data points in non-
uniform intervals. Some participants tried to use the slope formula to calculate slope, but 
were unable to produce a numerical value for slope because they were only familiar with 
data given in uniform intervals. Lobato and Siebert's study suggests that although 
students might be able to determine two quantities that are relevant for determining 
steepness or slope, they may still experience difficulties if they do not know how to 
combine these quantities. The participants in Lobato and Siebert's study had a lack of 
understanding of slope as a property of a line independent of the pairs of points chosen on 
the line; they showed a local rather than global understanding of slope. My research 
examines students' responses to problems which present objects with the same steepness 
but with different vertical and horizontal lengths, in an attempt to see whether 
participants have difficulty with intervals of differing sizes when solving steepness 
problems. 
Students who have had instruction around the concept of slope sometimes ignore 
the scales on the axes when asked to determine the slope of a line. Caddle and Earnest 
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(2009) presented seventh graders with two accurate graphical depictions of the word 
problem: "Suppose that each flight of stairs in a building has 20 steps. Show how many 
steps you have to climb depending on what floor you live on (p. 236)." The two graphs 
from this study are shown below in Figure 2.2.2, with the x-axis representing floors and 
y-axis representing stairs: 
Figure 2.2.2. 
Stairs and Floor Problem, Graphs ofy = 20x (Caddie & Earnest, 2009). 
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Taking into account the meanings represented by the axes, the slope for both graphs is 20 
stairs per floor. However, participants in Caddie and Earnest's study incorrectly 
concluded that the line on the left had a slope of 2 and the line on the right had a slope of 
7. These slopes were attained by counting grid boxes: for example, the line on the left 
rises two grid boxes for each grid box it goes across. Someone correctly pointed out by 
looking at the point (1, 20) on the line, it could be determined that there are 20 stairs per 
floor. Participants had difficulty reconciling the different numbers ( eg, 2, 7, 20) that they 
obtained for slope until one participant pointed out a property of slope: that it is constant 
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no matter how the line is graphed on the axes. In my study, the two axes represent the 
same type of quantity and the increments are the same on both axes, to avoid this 
potential confusion between the two types of slope. 
Steepness 
Steepness of an object can be measured by both the angle of inclination and the 
slope. When measured using an angle, steepness refers to the how tilted an object is 
relative to a horizontal line. However, an angle measure is only meaningful when the 
two quantities are in the same measure space, as is the case for physical objects. When 
the two quantities are in different measure spaces, steepness is only meaningful when 
measured using the slope, which is the ratio of the vertical change to the horizontal 
change. 
In addition to examining students' difficulties with understanding slope, 
researchers also have documented students' difficulties with understanding steepness. 
Such difficulties can be categorized into several general types identified by Lobato and 
Thanheiser (2002): use of irrelevant data, considering only one dimension when two 
dimensions need to be considered, and considering two dimensions additively instead of 
multiplicatively. 
The first type of difficulty is that students may use irrelevant data to describe 
steepness. Moschkovich (1996) found a participant who thought that steepness depended 
upon the y-intercept of a line. Moschkovich showed a ninth grade algebra student the 
graphs of y = x andy = x + 6 in the same coordinate plane, and the participant initially 
thought that the line y = x + 6 was steeper simply because it was higher up. Since 
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steepness of a line is not characterized by its location on the coordinate plane, noting that 
the line is higher up is irrelevant to its steepness. Moschkovich suggests that there may 
be other kinds of irrelevant data that students may use to characterize steepness. 
Another common mistake regarding steepness occurs when students use only one 
dimension when two dimensions are required to describe steepness. In their study, 
Moyer, Cai and Grammp (1997) document an interaction between a teacher and her tenth 
grade students regarding steepness of roofs. The teacher asked her students to compare 
roofs formed by angles ADB (Ranch Roof) and FCG (A-Frame Roof), as shown in 
Figure 2.2.3. One participant correctly identified roofFCG as steeper, but justified this 
conclusion by stating that roofFCG went higher than roof ADB. Another participant 
incorrectly chose roof ADB to be steeper, because it covered more horizontal distance. 
These two participants only took into account one dimension, either the vertical or 
horizontal, even though both are needed to determine relative steepness. The participants 
were only able to understand that roofFCG was steeper when an auxiliary roof, FDG, 
was drawn. Since roof FDG has the horizontal distance of roof FCG and the vertical 
height of roof ADB, students were able to use transitivity to conclude that roofFCG was 
steeper. 
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Figure 2.2.3. 
Roofs on a Coordinate Grid (Moyer, Cai & Grammp, 1997, p. 158). 
A-Frame Roof 
A second study that documents difficulties students have considering both dimensions 
that impact a line's steepness was conducted by Lobato and Siebert (2002). The 
interviewed participant did not understand that changes in length and height needed to be 
coordinated in order to maintain the steepness of a given ramp. The problem asked was 
the following: 
"Suppose a customer needs to have a wheelchair ramp that reaches 
to his doorstep, which is 3 feet high. This [depicted] ramp won't 
reach because it's only 2 ft high. How can you change the 
dimensions so that you have a new ramp that is the same steepness 
as this ramp but reaches the door?" (Lobato & Siebert, 2002, p. 93) 
The participant solely varied the vertical height to change the dimensions of the new 
ramp to increase it by 1 foot, but did not suggest an extension of the horizontal length to 
complement the increase in vertical length. Lobato and Siebert concluded that the 
participant believed that steepness was dependent upon one dimension only, the vertical 
height. 
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Even when students are able to consider two dimensions in their description of 
steepness, they may still have trouble relating these two dimensions. Simon and Blume 
(1994) asked preservice elementary teachers to show them how they would determine a 
ramp's steepness, given the ramp's height, base length, and base width. Some 
participants erroneously used additive reasoning and thought that the ramp's steepness 
should be measured by the difference between the height and the base length. When the 
participants discussed the possibility of using the ratio between the height and base length 
instead, they had trouble deciding which of the two measures might be a better measure 
of steepness. This difficulty seemed to stem from participants' inabilities to see that a 
good measure of steepness needs to have reproducibility, that is, given one ramp's 
measure of steepness, one should be able to always produce another ramp with the same 
steepness. Simon and Blume concluded that the participants who reasoned additively did 
not take into account the fact that two ramps with the same steepness should have the 
same measure of steepness. 
In summary, some students exhibit conceptual difficulties when they use 
irrelevant data to describe slope, consider only one dimension when two should be 
considered, and consider extraneous information in addition to relevant data. Similar 
conceptual difficulties are exhibited by some students when asked about steepness: they 
also use irrelevant data, solely consider one dimension, and have trouble relating the 
dimensions. 
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Section III: Key developmental understandings regarding steepness 
Drawing upon ideas from cognitive science, Simon (2006) offers the construct of 
Key Developmental Understandings (KDUs) to help identify critical cognitive transitions 
that are essential for students' development of important mathematical ideas. KDUs are 
intended to focus research and pedagogy on key conceptual understandings in 
mathematics. Simon defines KDUs as involving a change in students' ability to think 
about mathematical relationships that require more than just an explanation or 
demonstration. He notes that there are many examples ofKDUs in educational literature, 
but since KDU is a relatively new construct, these examples had not been explicitly 
identified as KDUs. In order to identify KDUs, it is necessary to observe students 
engaged in mathematical tasks to specify understandings that can account for differences 
in actions of different students in response to the same task. A theoretical basis for my 
study involves the idea that learning about steepness is a KDU for a conceptual 
understanding of slope. In addition, my study explores the idea that proportional 
reasoning is a KDU for the learning of ratio as a measure of steepness. 
In defining KDUs, Simon provides several examples to illustrate prerequisite 
knowledge that students may need to have in order to attain more advanced ideas. One 
example that Simon provides of a KDU for learning about ratios is the understanding of 
ratio as a single, intensive quantity that relates two quantities multiplicatively. One such 
intensive quantity is speed, which can be written as a fraction of distance over time. In 
order to understand the idea of speed, students need to combine their knowledge of 
measuring two separate quantities, the distance and time, to one measurement that 
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represents the distance traveled divided by the time taken. 
Building upon links in the multiplicative conceptual field, a KDU for measuring 
steepness with a ratio might be proportional reasoning. That is, the ability for a student to 
measure steepness using a ratio may depend upon his or her ability to solve problems 
involving integral and non-integral ratios in situations that involve similar figures, part to 
part comparisons, part to whole comparisons, and associated sets. This study 
investigates the links between participants' achievements on proportional reasoning 
problems and steepness problems. 
The idea of learning how to measure steepness has been proposed to be a possible 
KDU for the learning of slope (Lobato & Thanheiser, 1999; Lobato & Thanheiser, 2002; 
Simon & Blume, 1992). Since steepness is an attribute with which children are often 
already familiar through their experiences with real-world phenomena such as roads, 
hills, slides, and roofs, learning how to quantify steepness has been proposed by 
(researchers) as a step towards students' learning of slope. Their rationale is that if 
students are able to learn to measure the steepness of physical objects using a ratio, they 
may have an easier time determining and making sense of a particular kind of ratio for 
which steepness has meaning, the slope of the graph of a line. Steepness is a 
characteristic of a physical object, and slope is a characteristic of a function's graph that 
could portray the type of relationship between two quantities. Perhaps students' 
familiarity with the steepness of physical objects can serve as a basis for their 
understanding of the slope of graphs of linear functions. 
Lobato and Thanheiser (2002) examined student work with identifying measures 
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of steepness of ramps and identified several components of understanding ratio as a 
measure of steepness. Students must understand each of these components in order to 
understand the use of ratios to measure steepness. The first component is isolating the 
attribute that is being used when considering steepness, either the angle of inclination or 
the ratio of the vertical to horizontal lengths. If students do not understand the possible 
attributes to characterize steepness, they may use other unrelated attributes. For example, 
students sometimes try to measure the amount of work it takes to climb up a ramp rather 
than the steepness of the ramp itself. Work depends upon the vertical distance traveled, 
and two ramps that reach the same height but have differing horizontal distances do not 
have the same steepness. The speed or the time that a person would take to travel down 
a ramp is also sometimes confused as the steepness of the ramp. Differing amounts of 
friction on two equally steep ramps could cause someone to slide down at differing 
speeds. Also, a longer ramp will cause someone to travel down it over a greater period of 
time, thus the length of the ramp and the speed are not measures of steepness. 
The second component in understanding ratio as measure is determining which 
quantities need to be considered when determining steepness. Students are often aware 
that measurements need to be taken in order to determine steepness, however they 
sometimes use irrelevant ones. Lobato (1996) found that in the situation depicted in 
Figure 2.3.1, participants had difficulty identifying what parts of the slide they should 
measure in order to determine its steepness. It appeared that they were distracted by the 
other line segments comprising the slide. Lobato found that "if a student thinks of slope 
as rise/run, but doesn't have anything to attach the rise and run to, then there are [sic] lot 
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of things that the student might call rise and run (p. 147)." Her participants tried to take 
into account the length of the platform connected to the slide when computing the 
horizontal distance, or tried to use the length of the slide to compute the ratio of rise over 
run, even though this information was extraneous. 
Figure 2.3.1. 
A Slide (Lobato, 1996, p. 76). 
The third component of understanding a ratio as a measure of steepness involves 
knowing the characteristics of a good measure. For instance, the measure needs to have 
"reproducibility" such that someone who knows the value of the measure will always be 
able to produce a ramp ofthe same steepness. Simon and Blume (1994) found that their 
participants suggested using the difference between the horizontal and vertical lengths as 
a measure of steepness. However, that is not a sufficient measure because it is possible to 
create many ramps of differing steepness even if the differences between the horizontal 
and vertical lengths are held constant. 
The fourth component of understanding ratio as a measure of steepness involves 
being able to construct a ratio. This entails understanding that the two relevant quantities 
are related using multiplication or division, whether they are in a physical situation or a 
functional setting. Because being able to construct and reason with ratios is a key aspect 
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of proportional reasoning, this study investigates the possibility that students' 
proportional reasoning abilities are related to students' abilities to answer steepness 
problems. 
Students need to understand all four components of using a ratio to measure 
steepness, thus each of these components can be seen as a KDU for steepness. My study 
examines the fourth component. However, Lobato and Thanheiser's (2002) list ofKDUs 
may not be exhaustive in identifying ideas that students need to know in order to 
understand steepness. Their KDUs only relate to students' using a ratio to measure 
steepness. 
The ratio of rise over run, or the slope, is only one way of expressing steepness; 
geometric angle measures are another way of expressing steepness and may be easier for 
younger students to understand than ratios. Mitchelmore & White (2000) found that 
students as early as ages 6 to 8 were able to correctly identify angles to model physical 
objects such as swinging doors and scissors. Since students have many correct intuitions 
about angles by the time they reach Grade 6 (Mitchelmore & White, 2000), these 
intuitions could perhaps serve as an entry point to students' using a ratio to compare 
lines' steepness (Simon & Blume, 1992). 
Despite students' correct intuitions, some students also have misconceptions 
about the angular form of steepness. A potential problem with only knowing the 
geometric nature of slope or steepness is that this could lead to a misconception that 
steepness varies across a straight line. In their study of students' conceptions of 
steepness of a ramp, Lobato and Siebert (2002) found that a participant thought the 
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angles were changing as he went up the ramp. He said that being higher up on the ramp 
produced a larger angle, resulting in a ramp that was steeper at the top than at the bottom. 
Lobato and Siebert's study shows that while an understanding of angles may be a KDU 
for understanding steepness, it is not sufficient. An advantage of using ratios to measure 
steepness is that students can compare a constant ratio between all sets of two points on a 
line, showing that the steepness along a line is constant. 
In this study, the relationship between participants' proportional reasoning and 
their abilities to solve steepness problems is investigated. Steepness has been identified as 
a key developmental understanding that can help students learn about slope, first using 
physical situations and then translating them to functional situations. The KDUs that 
may influence a student's understanding of slope include understanding ratio as a 
measure of steepness and students' intuitive understanding of angles. The relationships 
are depicted in Figure 2.3.2. 
Figure 2.3.2. 
Relationship between Proportional Reasoning and Slope. 
Proportional reasoning Measure of steepness as 
ratio of two measurements 
Measure of steepness as 
angle of incline 
Slope of a function 
In summary, proportional reasoning and slope may be connected through the idea of 
steepness. It is helpful to use Simon's construct ofKDUs to identify concepts that 
students need to learn as they develop an understanding of steepness. Steepness can be 
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described mathematically using angle measurements or by using a ratio to represent the 
slope of the line. Lobato identified several KDUs to help students learn to use ratios to 
measure steepness, one of which is the ability to construct a ratio. This study examines 
the idea that proportional reasoning is a KDU for understanding steepness, which is in 
tum a KDU for students' learning about slope. 
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CHAPTER III 
METHODS AND PROCEDURES 
This study investigated whether middle school students' success in solving 
steepness problems was related to the problem contexts, the level of difficulty of the 
problem, and students' abilities to use proportional reasoning. It also examined the 
strategies that students used to solve steepness problems. The design ofthe study 
included both quantitative and qualitative data. Two instruments were used to collect 
data: the Ratio and Proportion Test and the Steepness Test. In Section I of this chapter, 
the description and design of the testing instruments is presented. In Section II, the 
sample and procedures for data collection are presented, and in Section III, techniques for 
data analysis are described. 
Section 1: Description and Design of the Testing Instruments 
The Ratio and Proportion Test 
To assess middle school students' levels of proportional reasoning, the Ratio and 
Proportion Test was developed. The test items were adapted from the Increasing 
Competence and Confidence in Algebra and Multiplicative Structures (2008) Test R, 
which in tum was adapted from the Ratio and Proportion Test R from the Concepts in 
Secondary Mathematics and Science (CSMS) Project (Brown, et al., 1981 ). There were 
eight problem settings and a total of 20 problems on the Ratio and Proportion Test. Each 
problem was a missing-value proportion problem that involved a different setting: a 
cooking recipe, the feeding of eels, the splitting of an office lighting bill, the enlargement 
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of rectangular figures, the height of a man, the composition of a metal alloy, the 
enlargement of the letter K, and the percentage of children or cars. 
Two types of ratios are used to describe the relationships in the problems on the 
Ratio and Proportion Test: between ratios and within ratios. Between ratios compare of 
two different kinds of quantities such as number of people and number of pints of water. 
Within ratios compare two numbers that have the same units such as number of people 
compared to number of people. For example, Problem #1 is about an onion soup recipe 
for 8 people that requires 2 pints of water. Participants are told that they are making soup 
for 4 people and are asked to determine the amount of water needed. The between ratio is 
8:2, representing number of people compared to pints of water. The within ratio is 8:4, 
representing the number of people the original recipe feeds compared to the number of 
people actually eating soup. The contextual and structural descriptions and proportional 
reasoning level of each problem are shown in Table 3 .1.1. 
Table 3.1.1. 
Ratio and Proportion Test Problems by Context, Structural Description, and Level. 
Problem# Context Structural description: Structural description: Level 
Description Between ratio Within ratio 
1(i) Soup recipe 8:2 8:4 1 
1 (ii) Soup recipe 8:4 8:4 1 
1 (iii) Soup recipe 8:2 8:6 1 
1(iv) Soup recipe 8:(112) 8:6 3 
2a(i)A Feeding of eels 5:2 5:10 1 
according to 
their length 
2a(i)B Eels 5:2 5:15 1 
2a(ii) Eels 10:12 10:15 2 
2a(iii) Eels 15:9 15:10 2 
2b(i) Eels 10:2 10:25 2 
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2b(ii) Eels 15:9 15:25 3 
2b(iii)X Eels 25:10 25:10 3 
2b(iii)Y Eels 25:10 25:15 3 
3 Office bill 240:12 2:12 2 
4 Similar figures 3:5 2:3 4 
5 Similar figures 4:6 6:4 3 
6 Metal alloy 16:3 10:15 4 
7(i) Similar figures 8:12 8:9 4 
7(ii) Similar figures 8:12 18:12 4 
8(i) Percentage 24:800 1:100 2 
8(ii) Percentage 5%:20 1:100 3 
In summary, the Ratio and Proportion Test consists of20 problems, five at Levell, five 
at Level2, six at Level3 and four at Level4. A copy ofthe items on the Ratio and 
Proportion Test are in Appendix A, and the answers to the items on the Ratio and 
Proportion Test are in Appendix B. 
Scoring 
Each problem on the Ratio and Proportion Test was scored for correctness. 
Correct solutions received one point and incorrect solutions received zero points. Two 
metrics for each participant were then calculated: 1) a total correct score, and 2) a 
proportional reasoning level. Participants' total correct scores ranged from 0 to 20. 
Participants' proportional reasoning level was determined using the CSME Project 
scoring scheme, which was based upon empirical data as well as mathematical 
relationships between the given quantities (Brown, Hart, 1981 ). 
Difficulty levels 1 through 4 were assigned to each problem based upon data from 
the original studies conducted by the CSMS research team. The Level 1 problems were 
rated as the easiest because their solutions required multiplying or dividing by 2 or 3. 
The Level2 problems' solutions involved an integral ratio other than 2 or 3. Level 3 
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problems required the use of non-integral ratios that were not presented in reduced form. 
Level 4 problems involved non-integral ratios whose fractional representations have a 
numerator and denominator that are relatively prime. 
In order for a participant to be assigned to a certain level for his or her 
performance on the Ratio and Proportion Test, the participant must have correctly 
answered at least 60% of the problems classified under that level and failed to meet this 
minimum requirement for the next higher level. Participants who failed to attain Level 1 
were assigned Level 0; thus the levels assigned to participants for their performance on 
the Ratio and Proportion Test were Levels 0, 1, 2, 3, and 4. 
Validity and Reliability 
Content validity of this test was established during the CSMS project, as the test 
items were constructed in consultation with British textbooks, mathematical experts, 
mathematics education experts, and revised after interviews with students. 
Internal reliability of the set of CSMS tests was established using Kruskal' s 
Gamma Test which showed that the following gamma coefficients between student 
scores on the Ratio test and the following tests: Algebra 0.763, Graphs .790, Fractions 
Test 1.839, Fractions Test 2.853, Measurement 0.790, Decimals 0.800, Positive and 
Negative numbers 0.596, and Reflections/Rotations 0.591 (Brown, et al., 1981). These 
data show that there was high agreement on test scores on the topics that were closely 
associated with ratios, and lower agreement on test scores on topics that were less related 
to ratios. 
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The Steepness Test 
To assess middle school students' understanding of steepness, the Steepness Test 
was developed. It includes 24 problems that asked participants to determine which of 
two drawings was steeper. Each problem asked participants to compare the steepness of 
two objects and had three answer choices: 1) left object is steeper, 2) right object is 
steeper, or 3) the objects have the same steepness. There were three types of problem 
contexts: two situated the problem of steepness in a real-world situation and one 
presented it as a mathematical problem. Within each problem context there were eight 
problems, all grouped together. The two real-world situations were roofs and staircases. 
All drawings of roofs and staircases were shown on grid paper. The mathematical 
problems on the Steepness Test showed two lines in Quadrant 1, and each ofthem started 
at the origin. 
To solve these problems, participants needed to compare the steepness of the 
roofs, staircases, and lines. Lines were either explicitly shown, as in the case of the roofs 
or the lines on the coordinate plane, or not shown, as in the case of the staircases. All 
roofs, staircases, and lines were presented on coordinate grids with homogeneous axes. 
When graphs do not have homogeneous axes, as often occurs when a line is graphed in 
several window settings on a graphing calculator, students sometimes make the mistake 
of ignoring the units on the axes (Zaslavsky, et al., 2002). An complete understanding of 
slope of a function would include knowledge that slope is an invariant property of a line, 
so that the rate of change or ratio of differences stays the same on every physical 
depiction of the line. Since students who have not yet formally learned slope can not be 
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assumed to have learned to take into consideration the scales of the axes when 
considering slope, the steepness problems that this study asks are deliberately situated in 
homogeneous axes to avoid the necessity of taking into consideration the scales on the 
axes. 
There are two standard mathematical ways to compare the steepness of the lines: 
using angles and using ratios. If the angles which are formed with a horizontal are given, 
a line with a larger angle from the horizontal is steeper. To make a comparison between 
the steepness oftwo lines without using angle measures, two extensive measures (vertical 
differences, horizontal differences, or length of hypotenuse line segment) must be 
compared. If one extensive measure is the same, it is possible to tell which line segment 
is steeper by comparing the other extensive measure. If two line segments have the same 
length, the line with the shorter horizontal distance or the taller vertical height is steeper. 
If none of the extensive measures are the same, it is necessary to know at least two 
extensive measures in order to compare the steepness of the two lines (using the 
Pythagorean theorem, it is possible to find the third extensive measure given the first 
two), and the line with greater slope is steeper. Table 3.1.2 illustrates methods for 
determining the steeper of two line segments using information about extensive 
measures. 
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Table 3.1.2. 
Variables Affecting Steepness of Line Segments Using Extensive Measures. 
Measurement Picture Information needed to determine the 
held constant steeper line segment 
Vertical ~ts. ~~ Either a shorter horizontal distance (a1=a2) or shorter hypotenuse length would produce the steeper line, c1. 
~. b., 
Horizontal ~~ Either a greater vertical length or a (b3=b4) greater hypotenuse length would ~~ produce the steeper line, c4. 
t>, "'+ 
Hypotenuse ~~ Either a greater vertical length or a (cs=c6) ,,~ smaller horizontal length would produce the steeper line, c5• 
l:?t; l?i. 
No The line with greater magnitude of 
measurements 
zj., slope is steeper (a7/b7>as/bs, so C7 is are the same steeper than c8). between the c, two triangles «z 
b-, b.;. 
The methods in Table 3 .1.2 can be applied when comparing roofs and staircases 
which are constructed from line segments. When comparing the steepness of lines with 
infinite length, as is usually the case on the coordinate plane, it is possible to use any of 
the above methods or angle measurements. The most generalized form of comparing 
steepness of infinitely long lines is by using the slope. Slope is especially useful when 
the angles look approximately the same, as is the case with lines c7 and cs in Table 3.1.2. 
These lines measure 59.0 degrees (arctan 5/3) and 56.3 degrees (arctan 6/4) from the 
horizontal, respectively. When finding a ratio for comparison, it is technically possible 
to use other inverse trigonometric relationships, but knowing the slope is also helpful in 
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finding the equation of the line. 
The development of the Steepness Test was based on the work by Noelting 
(1980b), who empirically ordered comparison proportion-related problems in terms of 
difficulty based upon the numbers given in the problem contexts. He interviewed 321 
children ranging from ages 6 to 16, using a survey instrument consisting of 23 
comparison problems about orange juice. The problems presented two drinks, each 
mixed with a certain number of glasses of orange juice and a certain number of glasses of 
water. The problems asked which of the two drinks tasted more "orangy." 
Noelting delineated eight stages of participants' understanding of comparison 
proportion-related problems. Stages 1A, 1B, and 1C and the corresponding Levels 1-3 
correspond to Piaget's pre-operational thinking. Participants at stages 2A and 2B and the 
corresponding Levels 4 and 5 indicate they are operating at Piaget's concrete operational 
thought. Participants at stages 3A1, 3A2, and 3B and the corresponding Levels 6-8 are 
considered to be at the level of formal operational thought. 
The slope pairings on the Steepness Test were taken directly from those used in 
Noelting's survey. The numerators of the slopes represent numbers of cups of orange 
juice, and the denominators of the slopes represent numbers of cups of water. One 
numerical pairing was chosen from each of the eight stages of proportional reasoning that 
Noelting formed, and this pairing was used in all three contexts on the Steepness Test. 
To simplify the naming of the stages, and to be consistent with the Ratio and Proportion 
Test's usage of empirically derived levels, the stages are renumbered from 1 to 8 and are 
called "levels" instead of"stages." Two of the problems depict lines of the same 
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steepness. For the remaining six problems, the Steepness Test shows pairs oflines whose 
steeper line randomly alternated between being depicted on the left or on the right. Table 
3.1.3 displays the renumbering as well as the correct answers to the problems. 
Table 3.1.3. 
Steepness Test Problems by Level, Slope, and Correctness. 
Levels of Slopes of the Correct Correct Correct 
difficulty two lines Answer Answer Answer 
Roofs Staircases Lines 
1 ~ vs. 2/1 Left Right Left 
2 1/1 vs. 2/1 Right Left Right 
3 2/2 vs. 4/3 Right Left Left 
4 2/2 vs. 3/3 Same Same Same 
5 2/4 vs. ~ Same Same Same 
6 3/1 vs. 5/2 Left Right Right 
7 3/2 vs. 4/3 Left Right Right 
8 2/5 vs. 3/7 Right Top I Left Right 
Within each set of eight problems (roofs, staircases, lines), the order of the 
problems based on difficulty level was randomly determined. The order in which the 
groups of problems based on context (roofs, staircases, lines) were arranged on the 
Steepness Test was not chosen at random, and may have had an effect on students' 
abilities to respond to the problems. Since the roof and the line problems present 
continuous data whereas the sets of staircase problems involve discrete data, the stairs 
were placed in the middle of the instrument. Hence, the eight roof problems were 
presented first, followed by eight staircase problems, followed by eight line problems. 
Due to sample size considerations, the order in which the three contexts appeared to the 
students was not varied. 
Notes about roofs 
Figure 3.1.1. 
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Steepness Test Problem 2: Slopes 2/2 and 4/4. 
The roofs on the Steepness Test depicted one iteration of the slope. For example, a roof 
with a slope of2/2, was constructed by moving 2 up and 2 over, not 4 up and 4 over and 
not the simplified fractional form of 1 up and 1 over. The vertical heights of the 
rectangular part of the houses were kept fixed while the width of the houses (horizontal 
distances) varied. The decision was made to keep the vertical length of the houses 
constant rather than the horizontal length constant in order to show one iteration of the 
slope. The only problem in which both horizontal and vertical lengths of the rectangular 
houses were the same was Problem 4, where both slopes have a denominator of 1 unit. 
The vertical heights of the roofs varied according to the numerators of the lines' slopes. 
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Figure 3.1.2. 
Steepness Test Problem 4: Slopes 111 and 2/1. 
An example of a problem where the vertical and horizontal lengths of the rectangular 
houses were the same is shown in Figure 3 .1.2. This figure also shows how the vertical 
height of the roofs varied. 
Notes about staircases 
Since one iteration of the slope created only one step, at least two iterations were 
used on the Steepness Test in order to produce a staircase. A decision was made to have 
both the vertical and horizontal lengths vary, because if one of these was kept constant 
the problem would have been reduced to a one-dimensional problem and could have been 
solved by simply counting the number of steps present. In five ofthe six problems where 
there was a steeper line, the steeper line had a shorter vertical distance. This decision was 
made to minimize potential effects of participants' equating vertical height alone with 
steepness (Lobato & Siebert, 2002). Problem 9 is shown in Figure 3.1.3. 
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Figure 3.1.3. 
Steepness Test Problem 9: Slopes 4/3 and 2/2. 
There are two problems on the Steepness Test where the two sets of stairs have the same 
steepness. In Problem 12, the stairs with the smaller numerator and denominator values 
of slope were drawn to be taller and in Problem 13 the stairs with the larger numerator 
and denominator values of slope were drawn to be taller. These are illustrated in Figures 
3.1.4 and 3.1.5 respectively. 
Figure 3.1.4. 
Steepness Test Problem 12: Slopes 2/4 and Yz. 
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Figure 3.1.5. 
Steepness Test Problem 13: Slopes 2/2 and 3/3. 
Notes about lines 
On the line problems on the Steepness Test, the x andy axes for each pair of lines 
were the same length except in Problems 18 and 23 where the length of the axes differed 
since the two lines had the same steepness. In addition, the axes lengths varied from 
problem to problem so that the axes depicted in Problems 18 and 23 would not look too 
different from the rest of the six problems. 
Figure 3.1.6. 
Steepness Test Problem 23: Slopes 3/3 and 2/2. 
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In summary, the Steepness Test consists of24 problems: eight roofs, eight staircases, and 
eight lines. Each of the eight problems within a context represents a different level of 
difficulty. A copy of the items on the Steepness Test are in Appendix C, and their 
answers are provided in Appendix D. 
Scoring 
Each problem on the Steepness Test was scored for correctness. Correct solutions 
received one point and incorrect solutions received zero points. The Steepness Test 
yielded five scores: one overall score on a scale of 0 to 24, three context subscores for 
each of the three contexts (roofs, staircases and lines) and a difficulty level score based 
upon students' performance in each of eight difficulty levels. The context subscores 
yielded a score on a scale from 0 to 8 for Problems 1-8, 9-16, and 17-24. The groupings 
of problems by difficulty levels is shown below: 
Level 1: Problems 1,11 ,22 
Level2: Problems 4, 15,17 
Level3: Problems 7, 9, 20 
Level 4: Problems 2, 13, 23 
Level 5: Problems 8, 12, 18 
Level 6: Problems 6, 10, 24 
Level 7: Problems 3, 14, 21 
Level8: Problems 5, 16, 19 
A level was assigned to each participant on a scale of 0 to 8. A participant must have met 
the minimum requirement of answering two of the three problems correctly for one level 
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and the levels below it, and failed to meet this minimum requirement for the next higher 
level. Participants who failed to meet Level 1 were assigned Level 0. 
Validity and Reliability 
Five mathematicians and mathematics educators established content validity of 
the Steepness Test. In order to establish the reliability of the Steepness Test, 134 
participants in grades 6, 7, and 8 took the test twice on two consecutive class days. A 
copy of the consent forms and administrative instructions can be found in Appendix E. 
The mean total score on the first Steepness Test administration was 15.52 with 
standard deviation 3.060. The mean score on the second Steepness Test administration 
was 15.59 with standard deviation 3.501. A paired samples correlation showed that the 
correlation between the first and second administration total scores was 0.790 (p<0.001). 
A paired samples t-test showed no evidence of significant difference between total scores 
on the two administrations (df=133, p=0.720). 
The mean scores in each of the three contexts for the first and second 
administrations are listed in Table 3.1.4 below. 
Table 3.1.4. 
Steepness Test Test-Retest Results by Context. 
Administration Context Mean (out of 8) Standard deviation 
1 Roofs 5.13 1.291 
2 Roofs 5.28 1.443 
1 Staircases 4.43 1.390 
2 Staircases 4.33 1.336 
1 Lines 5.96 1.450 
2 Lines 5.97 1.672 
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Paired samples correlations showed the following correlations (p< .001 for all three 
contexts) between participants' mean subscores in each of the contexts on the first and 
second Steepness Test administrations: 0.638 (roofs), 0.526 (staircases), 0.722 (lines). 
Paired samples t-tests showed that there was no evidence of a significant 
difference between participants' performances on the first and second administrations for 
every context (df=133, p>O.l63 for each context). 
The mean scores in each of the eight difficulty levels for the first and second 
administrations are listed in Table 3.1.5 below. 
Table 3.1.5. 
Steepness Test, Test-retest Results by Difficulty Level. 
Administration Level Mean (out of3) Standard deviation 
1 1 2.90 0.430 
2 1 2.84 0.478 
1 2 2.73 0.577 
2 2 2.72 0.621 
1 3 2.42 0.759 
2 3 2.32 0.752 
1 4 1.93 0.959 
2 4 1.89 0.955 
1 5 1.58 1.013 
2 5 1.75 1.093 
1 6 1.60 0.785 
2 6 1.66 0.786 
1 7 1.08 0.814 
2 7 1.13 0.964 
1 8 1.28 0.961 
2 8 1.28 0.947 
Paired samples correlations showed the following correlations (p < .001 for all eight 
difficulty levels) between participants' mean subscores in each of the difficulty levels 
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from 1 to 8 respectively, on the first and second Steepness Test administrations: 0.7210, 
0.667, 0.580, 0.665, 0.694, 0.582, 0.417, 0.599. 
Paired samples t-tests showed that there was no evidence of a significant 
difference between participants' performances on the first and second administrations for 
every level except for Levels 1 and 5 (df=89, p = 0.045 and p= 0.014 respectively). 
Section II: The Sample and Procedures for Collection of Data 
The Sample 
The sample for the survey study consisted of 413 middle school students 
attending a public school in the Boston area. There were 152 participants in Grade 6, 115 
participants in Grade 7, and 146 participants in Grade 8 who took both the Ratio and 
Proportion Test and the Steepness Test. The participants were enrolled in a variety of 
courses: 6th, 7th, or 8th grade general mathematics, pre-algebra, Algebra 1, or Geometry. 
They were in different tracks of these courses: regular, honors, and accelerated. 
Interviews were conducted at two private schools in the Boston area. Sixteen 
participants in grades 6 and 8 were interviewed. The participants were selected based 
upon their performance on the Ratio and Proportion Test. Participants whose responses 
could be categorized into each of five levels of proportional reasoning were selected for 
interviews. 
Administration of Testing Instruments 
The Ratio and Proportion Test and Steepness Test were given as a combined 
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instrument to students via pen-and-paper during their mathematics class period. It was 
labeled Survey R in case participants had not yet learned about 'ratio' and 'proportion.' 
Students were allowed 60 minutes to complete the instrument individually without 
discussion. Calculators were not available. Participants were provided with centimeter 
rulers. 
Teachers who administered the tests were allowed to explain instructions, but not 
to assist students in answering any of the problems. Students were asked to do all work 
on the test paper itself, and not on a separate scrap paper. Students were asked to attempt 
all of the problems, and were discouraged from leaving blanks. 
One-on-one interviews took place with the researcher either after school or during 
a parent-teacher-student conference day in which school was not in session. The 
interviews were audiotaped and videotaped, and later transcribed. The interviews used 
the Steepness Test as the basis of a structured interview. The interviewer asked the 
participants to vocalize their thinking while they solved the problems. The interviewer 
only used verbalizations that were not likely to alter a participant's thinking process, as 
described by Ericsson and Simon (1984). Such verbalizations included encouraging the 
participant to keep speaking and asking the participant to articulate current and 
immediate past thoughts. The interviewer collected written work produced during the 
interview. 
The principal of each participating school signed an Institutional Approval 
statement. The mathematics teachers of the students in the study filled out a one-page 
descriptive questionnaire about the class, indicating whether or not they have discussed 
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steepness or slope. Mathematics teachers signed a consent form to include their students' 
work anonymously in the study. A copy of the consent forms and administrative 
instructions can be found in Appendix F. 
Confidentiality 
The data generated by the testing instruments in the study included written 
responses to the Ratio and Proportion Test and Steepness Test, videotapes and audiotapes 
of the Steepness Test interviews, and transcriptions of the videotapes and audiotapes. In 
order to ensure confidentiality and maintain accountability of the tests, a randomly-
assigned control number was recorded on each testing instrument. Data was recorded 
using these control numbers. All data was archived by the researcher and stored in a 
secure location on the Boston University campus. Interview participants were identified 
using non-identifying numbers. 
Section III: Analyses of the Data 
This study assessed middle school students' abilities to solve problems involving 
steepness and identified factors that influenced their problem solving success. The 
methods of analyses of the three research questions are presented here. 
Question 1 
Are research participants able to successfully solve steepness problems? Does their 
success vary based on the 
a. context in which the problem is situated? 
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b. structural difficulty level of the problem? 
c. the interaction of context and difficulty level? 
Question 1 was investigated by analyzing the data from the Steepness Test. 
Participants' responses to all problems on the Steepness Test were graded and each 
correct answer was given one point. Subtest scores for the Roofs, Staircases and Lines 
sections were determined. Participants' levels of difficulty were assigned. Descriptive 
statistics were calculated for the total sample and by problem context, problem difficulty, 
and by participants' grade level. These statistics included the sample mean and sample 
deviation for the Steepness Test as a whole, for each subsection, and for each problem. 
A two-factor ANOV A was conducted with one repeated factor of context, and 
one between-participant factor of grade. Another two-factor ANOVA was conducted 
with one repeated factor of difficulty, and the between-participant factor of grade. 
Finally, an item-by-item analysis was performed using a repeated measures logistic 
regression in order to address the interaction between context and difficulty level. 
Question 2 
What is the relationship between research participants' proportional reasoning levels and 
their abilities to correctly solve steepness problems? 
Does their success vary based on the: 
a. context in which the steepness problem is situated? 
b. structural difficulty level of the problem? 
c. the interaction of steepness context and difficulty level? 
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Question 2 was investigated using data from the Ratio and Proportion Test and Steepness 
Test. Participants' responses to all problems on the Ratio and Proportion Test were 
graded and each correct answer was given one point; subsequently, difficulty levels were 
assigned to each participant for performance on the Ratio and Proportion Test. 
Frequencies of participants' attainment in each ofthe difficulty levels in the Ratio and 
Proportion and Steepness Tests were reported. A linear regression was performed to 
determine the correlation coefficient between students' total correctness scores on the 
two tests. Spearman's rank correlation was performed to determine the rank correlation 
coefficient between participants' levels assigned from their performances on the two 
tests. The percent agreement statistic, Kappa, was calculated to show the percentage 
agreement between each of the items from the Ratio and Proportion Test and the 
Steepness Test. Pairs of items that were significantly correlated were reported. 
Question 3 
What strategies do participants, when classified by their proportional reasoning levels, 
use to solve problems involving steepness? 
Interview data in the form of videotapes, audiotapes, and written work on the 
Ratio and Proportion Test and the Steepness Test were analyzed to answer this question. 
Codes for strategies were created based upon the participants' responses on the Steepness 
Test. Strategies are the methods the participants used to solve the problems, and include 
implicit mathematical justifications as well as the explicit words spoken and actions 
taken. Strategies were assigned regardless of whether or not they were executed correctly. 
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For example, a participant counted the correct number of horizontal and vertical boxes 
shown on the page, indicating that both dimensions were considered, but due to a 
counting error gave an incorrect answer. Some participants used more than one strategy 
to solve a problem, either to confirm the result of the first strategy or because they 
changed strategies. The response coded was the response used to produce the final 
answer. A total number of384 problems were coded, produced from the sixteen 
participants' answers to the 24 Steepness Test problems. 
The strategies that students used to describe steepness were coded using the 
following codes: 1) angles, 2) other, 3) irrelevant data, 4) area, 5) one measurement, 6) 
addition, 7) two measurements, 8) scaling, 9) norming, 10) ratio or rate. Each of the 
strategies is described below. 
Angles 
The Angles strategy was coded when participants used the angles formed at the base of 
the staircases, at the comer of the roofs or at the base of the lines to determine steepness. 
Because all of the steepness problems were constructed on homogeneous axes of the 
same size, a comparison of angles could be used to obtain the correct answer. In some of 
the problems, the angles were very close in measure. Under these circumstances, it was 
impossible to accurately determine steepness using the Angles strategy as measuring 
devices were not allowed. Participants whose responses were coded as "Comparing 
angles" by visual inspection; by using a benchmark angle such as 45 degrees, the 
horizontal line, or the vertical line; estimating angle degree measures; or by referring to 
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parallel lines. For the staircase problems, some participants drew in auxiliary lines so 
that they could compare the steepness of those lines. The participant whose transcript is 
shown below first drew in lines connecting the bottoms of the staircases to the tips of the 
last stairs. 
Figure 3.2.1. 
Example of Transcript Coded as "Comparing Angles." 
Problem 12- Correct answer obtained 
The student whose interview is shown above thought that the two auxiliary lines were 
parallel and concluded that the two staircases were equally steep. 
Other 
The first strategy, coded as 0, is "other." This strategy was coded when no reasons were 
given or participants indicated they "guessed." 
Irrelevant Data 
The Irrelevant Data strategy was coded when participants used data in the solution 
process that was not needed to determine steepness. For example, one participant 
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compared the areas of the rectangles of the rectangular houses below each of the roofs, 
which is unrelated to the steepness of the roofs. Other irrelevant data given to determine 
steepness included the speed at which something would roll down a roof (since for two 
roofs that are equally steep, the longer roof will take longer for a ball to roll down), the 
difficulty of climbing a set of stairs (since the physical definition of work involves height 
alone) and the measures of the right angles forming individual steps in a staircase. 
Area 
The Area strategy was coded when participants compared areas of roofs or the space 
between lines and the horizontal or vertical axes. This is a limited strategy because it will 
only yield a correct answer when at least one of the dimensions is held constant between 
two objects. None of the participants who used Area computed the area using a triangle 
area formula, rather, they visually compared the spaces or counted grid boxes that 
comprised the areas. For example, a participant compared the areas of the triangles 
formed by the roofs, 4 unit boxes compared to 12 unit boxes, which takes into account 
the vertical and horizontal dimensions of the roofs (See Figure 3.2.2). 
71 
Figure 3.2.2. 
Example of Transcript Coded as "Area." 
Problem 7- Correct answer obtained 
7. 
Since the areas underneath the roofs do not impact their relative steepness when both 
vertical and horizontal dimensions are not the same, this coordination of the two 
measurements is inappropriate for determining steepness. 
One Measurement 
The One Measurement strategy was coded when participants used only one 
dimension to determine steepness. Overwhelmingly, the measurement mentioned was 
either the horizontal or the vertical length, but it could also be the length of the diagonal 
formed by the side of a roof, the length of the line drawn from the top of the staircase to 
the base, or the length of the line drawn on the coordinate plane. This strategy is more 
advanced than the Irrelevant Data strategy because the measurement mentioned is 
partially useful in determining steepness. In the example in Figure 3.2.3, the participant 
concluded that the two lines had the same steepness based upon a vertical comparison 
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only. Both lines are drawn to 10 units high, however, they are not equally steep because 
one line extends further horizontally than the other. 
Figure 3.2.3. 
Example of Transcript Coded as "One Measurement." 
Problem 20- Incorrect answer obtained 
20. 
S: [Counts vertical squares to end oflines on both graphs] I think they're the same 
'cause ifl count the squares up, they look the same ... Well they ... Yeah they're the 
same [circles both graphs]. 
Addition 
The addition strategy was coded when participants coordinated two measurements in an 
additive way. From literature on proportional reasoning, additive reasoning involves 
consideration of a difference between two measurements. Participants who used additive 
reasoning often used it to incorrectly justify why two staircases had the same steepness. 
The participant whose work is shown in Figure 3.2.4 noticed that the staircase on the left 
had one more vertical tile and one more horizontal tile for each stair than the stairs on the 
right staircase. This reasoning lead to an incorrect answer. 
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Figure 3.2.4. 
Example of Transcript Coded as "Addition." 
Problem 14- Incorrect answer obtained 
14. 
Here it's adding 1 [points to left staircase] to each for this [points to right staircase] 
I: For which one is that? 
S: This one [points to left staircase] is just adding 1 going up and 1 going across 
I: Oh I see so compared to this one [points to right staircase], this one [points to left 
staircase] is adding 1 
S: Yes. So, I would say, that they're equal [circles both staircases] 
Two Measurements 
The Two Measurements strategy was coded when participants mentioned or compared 
two measurements but did not explicitly relate them additively or using a ratio. This 
strategy is closer to using a ratio than the previously mentioned strategies because 
relating two measurements proportionally is one method of determining steepness. Both 
correct and incorrect responses were obtained using this strategy. Incorrect responses 
had mentions of comparisons of the vertical and horizontal measurements using 
terminology such as "taller" and "wider," but arrived at an incorrect solution. Correct 
responses mentioned the two measurements or comparisons of the two measurements, 
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and arrived at the correct solution. In one case, illustrated in Figure 3.2.5, a participant 
mentions that both lines are both infinitely long, thus since they had the same "up and 
across" value of two across and one up, the two lines had the same steepness. 
Figure 3.2.5. 
Example of Transcript Coded as "Two Measurements." 
Problem 18- Correct answer obtained 
18. 
These are both, I can see from looking at them two across and one up, although this 
one [points to left graph] goes on for longer, I guess they both go on forever, but urn, 
so this they must be the same length because they're both going at the same up and 
across. 
Participants who used two measurements only used the vertical and horizontal 
measurements, although using the length of the roof ( eg, the hypotenuse of a right 
triangle formed by the vertical and horizontal measurements) could have been correctly 
used as well. Qualitative as well as numeric descriptions of the two dimensions were 
used. 
Scaling 
The Scaling strategy was coded when participants said that one roof/staircase/line was a 
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smaller or larger version of the other. Participants whose strategies were coded as 
Scaling often described an enlargement or shrinking. The participant whose work is 
displayed in figure 3.2.6 thought that the staircase on the right looked like a larger 
version of the staircase on the left, concluding that the two staircases were equally steep. 
Figure 3.2.6. 
Example of Transcript Coded as "Scaling." 
Problem 14- Incorrect answer obtained 
S: Three and two, and four and three. So I think again it kind of- this was just kinda 
enlarged ... 
Because some of the slopes drawn were very close in value, it was sometimes difficult to 
determine whether one object was a smaller version of the other solely by visual 
inspection. 
Norming 
The Norming strategy was coded when participants compared one measurement while 
holding another measurement constant. For example, in Figure 3.2.7 shown below, a 
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participant drew a dot on the right roofs picture indicating where the left roof would be, 
if the two roofs were overlaid on top of each other. He concluded that since at that 
horizontal distance, the left roof extends vertically higher than the right roof, the left roof 
must be steeper. 
Figure 3.2. 7. 
Example of Transcript Coded as "Norming." 
Problem 6 - Correct answer obtained 
6. 
Well, If, I guess we can do the same thing again [counts and draws dot on right roof]. 
We go one up, one across and three up, it's, below it [referring to dot on right roof], so 
it's going to be less steep, urn, if we just look at this. So I think the one on the left is 
steeper. 
When used correctly, Norming will always produce a correct response since its use is 
equivalent to the norming strategy used in proportional reasoning. Pictorial norming by 
finding a common horizontal distance and comparing the vertical distances can be 
mathematically expressed as finding the common denominator of two slopes written as 
fractions and comparing the values of the numerators. 
Ratio or rate 
The Ratio or Rate strategy was coded when participants indicated a proportion or rate. 
Some participants mentioned a scale factor comparing two objects. For example, in 
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Figure 3.2.8, a participant found the scale factor of2 between the smaller and larger 
staircases. 
Figure 3.2.8. 
Example of Transcript Coded as "Ratio or Rate." 
Problem 12 -Correct answer obtained 
S: I think they're the same because this is like two and this is four and then this is one 
and this is two and so it's exactly doubled so ... 
When used correctly, the Ratio or Rate strategy will produce a correct response because 
slopes are being numerically compared. 
The following table (Table 3.2.1) provides a summary of the strategies used, descriptions 
of these strategies, and some specific examples of their use. 
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Table 3.2.1. 
Descriptions and Examples of Coded Strategies. 
Strate2y Description Examples 
Angles Participant uses a visual comparison of Roofs: A roof that is more level is less steep. 
angles, comparison to a benchmark angle Staircases: Stairs that look more straight are 
or line, a comparison of two angles or steeper. 
parallel lines. Lines: The line that is above the 45 degree line is 
steeper than the line underneath. 
Other Participant used a strategy not otherwise Roofs: One roof looks steeper. 
listed. Staircases: When an auxiliary line is drawn, the 
stairs look the same steep. 
Lines: One line is "visually" steeper. 
Irrelevant Participant takes into account information Roofs: The roof with a larger rectangular house 
data that does not need to be considered to base is steeper. 
solve the problem, or exclusively uses Staircases: The stairs are equally steep because 
non-measured information that cannot be the angle of each stair comer is 90 degrees. 
used exclusively to solve the problem Lines: One line would be easier to climb up. 
correctly. 
Area Participant compares area or space. Roofs: The larger triangle formed by the two 
sides ofthe roof and the top of the rectangular 
house is steeper. 
Lines: A line with larger space underneath is 
stee_per. 
One Participant compares only one Roofs: The roof that is more vertical is steeper. 
Measurement measurement between objects, without Staircases: The higher stairs are steeper. 
mention or consideration of the other Lines: The line with larger vertical length is 
when it should be considered. steeper (without consideration of horizontal 
length). 
Addition Participant fmds the difference between Staircases: There is one square difference 
or within length measurements, and uses between two vertical lengths as well as one 
that to compare steepness. square difference between two horizontal lengths 
so the two objects are the same steep. 
Lines: Adding two onto the horizontal and 
vertical dimensions of a line creates a line that is 
equally steep. 
Two Participant describes, finds or uses two Roofs: The roof that is wider and taller is steeper. 
measurements lengths that need to be taken into account, Staircases: The stairs that have the same up-and-
but may not relate them additively or in a across are equally steep. 
ratio. Lines: The line that has larger area is steeper 
(where the triangles do not have one of the 
lengths held constant). 
Scaling Participant refers to an enlargement or Roofs: One rooflooks like a mini one of the 
shrinking of an object. other, so they are equally steep. 
Staircases: One staircase is a larger version of 
the other, so they are equally steep. 
Lines: One graph is a larger image than the other, 
so they are equally steep. 
Norming Participant holds one dimension constant Roofs: Ifthe horizontal length is held constant, a 
while comparing the other, pictorially or roof with a larger vertical length is steeper. 
numerically through length or area. Staircases: If two sets of staircases have the 
same vertical height, the one that takes up more 
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horizontal space is steeper. 
Lines: The line with larger triangular area 
underneath is steeper if the horizontal base is the 
same. 
Ratio or rate Participant writes or says a representation Roofs: One roof is double the other. 
indicating a ratio or proportion. Staircases: "[horizontal] 4 units, 8 units, moving 
up 2 units, I unit ... They're just half the size." 
Lines: One line goes up two units for each unit it 
goes across, and the other line goes up one unit 
for each unit across, so the taller one is steeper. 
A total of 384 problems were coded, which came from 24 problems responded by each of 
the 16 interview participants. Reliability of the coding scheme was established by 97% 
agreement (or 75 of77 codes) on 20% ofthe data (or 77 of384 problems) coded between 
the researcher and another doctoral student in mathematics education. The researcher 
coded the remaining 80% of the data. 
One strategy code was assigned to each problem solution based upon the 
participant's final responses. Also, a record was kept of whether the initial and final 
responses of the participant were correct or incorrect. The correctness of the initial 
responses were used to compare interview participants' scores with those of the survey 
participants. The correctness of the final responses was used to compute success rates for 
the Two Measurements, Scaling, Norming, and Ratio or Rate strategies. The codes were 
aggregated by proportional reasoning levels. Charts were created that present the 
strategies used by participants of each proportional reasoning level, frequencies of correct 
and incorrect responses for each strategy for students in each proportional reasoning 
level, and success rates of some strategies by proportional reasoning levels. 
In this chapter, the methodology for this study was presented. Descriptions of the 
Ratio and Proportion Test and Steepness Test were provided. The procedures for 
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collecting data in the large scale survey and the interview study were described. Finally, 
methods of analyzing the collected data were described. In Chapter IV, the results ofthe 
data analyses are presented. 
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CHAPTER IV 
ANALYSES OF THE DATA 
This study assesses middle school students' abilities to solve problems involving 
steepness and determines the extent to which their successes in solving steepness 
problems are related to their abilities to reason proportionally. In October and November 
2009, the Ratio and Proportion Test and Steepness Test were administered to 413 Boston-
area middle school students in Grades 6, 7, and 8. Data generated by research 
participants' responses to the Ratio and Proportion Test and the Steepness Test were 
analyzed. The research questions are answered in this chapter. 
Question 1 
Are research participants able to successfully solve steepness problems? Does their 
success vary based on the context in which the problem is situated, structural difficulty 
level of the problem, or the interaction of context and difficulty level? 
Data from the administration ofthe Steepness Test were analyzed to answer Question 1. 
In October and November 2009, the Steepness Test was administered to 152 participants 
in Grade 6, 115 participants in Grade 7, and 146 participants in Grade 8. The total 
number of participants was 413. There were 208 males and 201 females, and 4 students 
did not list their genders. Table 4.1.1 summarizes information about the sample 
population's grades and genders. 
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Table 4.1.1. 
Survey Study Sample by Grade and Gender. 
Grade Male Female Unlisted Total 
6 77 72 3 152 
7 61 53 1 115 
8 70 76 0 146 
Total 208 201 4 413 
Participants' mean score was 16.03 points out of24 points, with a standard deviation 
3.17. The minimum score was 6 points and the maximum score was 24 points. A brief 
summary ofthe scoring data on participants is presented in Table 4.1.2 by context and 
structural difficulty level. The number of participants who answered each of the problems 
correctly as well as the percentage out of 413 participants are listed. 
Table 4.1.2. 
Survey Participants' Performance on the Steepness Test by Context, and Level. (n = 
Steepness Test Contexts 
Steepness Test Structural 
Difficulty Levels Staircases Roofs Lines 
Levell 402 (97.3%) 401 (97.1%) 396 (95.9%) 
Level2 343 (83.1%) 402 (97.3%) 393 (95.2%) 
Level3 327 (79.2%) 342 (82.8%) 330 (79.9%) 
Level4 187 (45.3%) 333 (80.8%) 313 (75.8%) 
Level5 183 (44.3%) 312 (75.5%) 272 (65.9%) 
Level6 145 (35.1%) 137 (33.2%) 397 (96.1 %) 
Level7 100 (24.2%) 124 (30.0%) 286 (69.3%) 
LevelS 163 (39.5%) 122 (29.5%) 210 (50.9%} 
As can be seen in Table 4.1.2, participants more frequently answered line problems 
correctly than roof or staircase problems, and the problems characterized by lower levels 
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of difficulty were more frequently answered correctly than the problems characterized by 
higher levels of difficulty. 
In order to investigate if solving steepness problems is related to context, means 
for each of the contexts were computed. On average, participants correctly answered 
4.48 ofthe eight staircase problems, 5.26 ofthe eight roof problems, and 6.29 ofthe eight 
line problems. The order of the difficulty of the contexts from hardest to easiest was: 
staircases, roofs, and lines. Table 4.1.3 below, shows the means and standard deviations 
of the participants' scores. 
Table 4.1.3. 
Survey Participants' Steepness Test Means and Standard Deviations by Context. 
Std. 
Context Mean Dev. 
Staircases 4.48 1.44 
Roofs 5.26 1.25 
Lines 6.29 1.46 
A repeated measures ANOV A was conducted to compare the mean scores for each 
context. The p-value was less than 0.001, indicating that there was a significant 
difference between the mean scores on the three contexts. Furthermore, paired t-tests on 
participants' scores of roofs-lines, roofs-staircases, and staircases-lines were conducted to 
determine whether these differences in means were significant. The results of the paired 
t-tests show that there was evidence of a significant difference between performances on 
each of these pairs of contexts (p<0.001 for each pair). 
Another investigation into the differences in participants' performances on the 
three contexts was conducted on a per-question basis using multiple logistic regression. 
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Performance on the roof problems was used as a reference. From logistic regression, 
adjusted odds ratios were computed to compare the odds that a staircase or line problem 
will be answered correctly if a roof problem is answered correctly, controlling for 
structural difficulty level and for the repeated observations from each participant 
(Kleinbaum, Kupper, Nizam, & Muller, 2007). The odds ratios are presented in Table 
4.1.4. 
Table 4.1.4. 
Associations between Context and Probability of a Correct Response on Steepness 
Test. 
Percentage of Adjusted Odds p-value of Adjusted 
Context correct responses Ratio Odds Ratio 
Staircases 56.0% 0.59 < 0.001 
Roofs 65.8% 
Lines 79.6% 2.20 < 0.001 
From Table 4.1.4, it can be determined that the odds of correctly answering a staircase 
problem are only 59% as great as answering a roof problem correctly, and the odds of 
answering a line problem correctly are more than twice as great as answering a roof 
problem correctly. The odds of answering problems correctly are significantly higher for 
line problems than roof or staircase problems. 
An investigation was conducted to determine whether participants in the three 
grades had different performances on the Steepness Test problems. Participants in all 
three grades scored the lowest on staircase problems, next lowest on roof problems, and 
highest on line problems. On average, participants in Grade 6 correctly answered 4.2 out 
of the eight staircase problems, whereas participants in Grade 8 on average, correctly 
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answered 4.66 of these problems. Also, on average, participants in Grade 6 correctly 
answered 6.14line problems compared to 6.55 problems correctly answered by Grade 8 
participants. The mean subscores for each of grades 6, 7, and 8 are presented in Table 
4.1.5. 
Table 4.1.5. 
Participants' Steepness Test Means and Standard Deviations by Grade and Context. 
Grade 6 (n=152) Grade 7 (n=llS) Grade 8 (n=146) 
Context Mean Std. Dev. Mean Std. Dev. Mean Std. Dev. 
Staircases 4.20 1.44 4.62 1.36 4.66 1.48 
Roofs 5.26 1.28 5.19 1.19 5.32 1.28 
Lines 6.14 1.54 6.16 1.53 6.55 1.28 
Further analyses of participants' performance on the contexts by grade were conducted 
using Tukey's Honestly Significant Difference Test in conjunction with a repeated 
measures ANOV A, using context as a within-subject factor and grade as a between-
subject factor. The analyses showed a significant difference in performance on all 
contexts for grades 6 and 8 (p = 0.028). There were no significant differences between 
grades 6 and 7 (p = 0.604) on the contexts and between grades 7 and 8 (p = 0.604). 
In summary, the investigation on participants' performances on the three contexts 
revealed that participants in all three grades performed the best on the line problems, 
followed by roof problems and staircase problems respectively. Participants in grade 8 
performed significantly better than participants in grade 6 on all three contexts. 
In order to investigate whether participants' successes in solving steepness 
problems is related to problem difficulty, participants' performance on problems in the 
eight structural difficulty levels was examined. Participants attained a level by correctly 
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answering two out of three problems at that level. The frequency at which participants 
attained each of the eight levels is shown in Table 4.1.6. 
Table 4.1.6. 
Percentages of Survey Participants Who Attained Each Steepness Test Structural 
Difficulty Level. 
Level Percentage of participants 
who attained level 
1 96.8% 
2 91.8% 
3 80.6% 
4 67.3% 
5 61.9% 
6 54.8% 
7 41.2% 
8 40.0% 
As shown in Table 4.1.6, approximately 97% of the participants attained the first 
structural difficulty level, about half of the participants attained the sixth difficulty level, 
and only about 40% of participants attained the eighth structural difficulty level. 
A multiple logistic regression was conducted to determine the odds of correctly 
answering problems in each structural difficulty level on the Steepness Test. The odds 
ratios reported in the middle column of Table 4.1. 7 compare the odds of attaining a 
correct response for different levels. The odds of correctly answering a problem in each 
level are computed by dividing the number of correct responses by the number of 
incorrect responses. The odds ratios are computed by dividing the odds of correctly 
answering a problem in one level by the odds of correctly answering a problem in Level 
1, the reference level. For instance, using the odds of correctly answering a problem in 
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Level 1 as a reference, the odds of correctly answering a problem in Level 2, the next 
consecutive level, are 3 7%, indicating that Level 2 problems are more difficult than Level 
1 problems. 
Table 4.1.7. 
Associations between Steepness Test Structural Difficulty Level and Probability of a 
Correct Response. 
Steepness Test Structural 
Difficulty Levels Cumulative Odds Ratios 
Levell 1.00 
Level2 0.37 
Level3 0.14 
Level4 0.07 
LevelS 0.05 
Level6 0.04 
Level7 0.02 
LevelS 0.02 
The cumulative odds column of Table 4.1. 7 reports the odds ratios of correctly answering 
problems in each of the structural difficulty levels using participants' performances on 
the first structural difficulty level as the reference performance. The p-values for these 
ratios are all less than 0.001, indicating that these ratios are significant. The odds of 
correctly answering a Level 8 problem are only 2% as great as answering a Level 1 
problem correctly. This indicates that levelS problems have much lower odds ofbeing 
correctly answered than level 1 problems. The odds ratios are decreasing as levels 
increase, suggesting that the steepness problems in the higher difficulty levels were less 
likely to be correctly answered by participants. 
Participants' mean scores were also determined by grade, and the results are 
presented in Table 4.1.8. The scores are presented out of 3 possible correct problems for 
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each structural difficulty level. On average, grade 6 participants answered 2.53 problems 
correctly in level 1, whereas grade 8 participants answered 2.93 problems correctly in 
that level. 
Table 4.1.8. 
Survey Participants' Mean Scores and Standard Deviations by Structural Difficulty 
and Grade. 
Grade 6 Grade 7 Grade 8 
Steepness 
Difficulty 
Level Mean Std. Dev. Mean Std. Dev. Mean Std. Dev 
1 2.53 0.72 2.91 0.28 2.93 0.35 
2 2.66 0.61 2.79 0.45 2.78 0.45 
3 2.26 0.77 2.44 0.72 2.41 0.73 
4 2.01 0.89 1.94 1.01 2.21 0.73 
5 1.75 0.97 1.80 1.07 2.10 0.88 
6 1.51 0.81 1.65 0.78 1.71 0.78 
7 1.32 0.87 1.26 0.85 1.27 0.96 
8 1.55 0.99 1.17 0.87 1.13 0.98 
Further analyses of participants' performance on the contexts by grade were conducted 
using Tukey's Honestly Significant Difference Test in conjunction with a repeated 
measures ANOV A, using structural difficulty level as a within-subject factor and grade 
as a between-subject factor. The analyses showed a significant difference in performance 
on all difficulty levels for grades 6 and 8 (p = 0.028). There were no significant 
differences between performances of participants in grades 6 and 7 (p = 0.604) on the 
difficulty levels and between performances of participants in grades 7 and 8 (p = 0.317). 
In summary, participants' performances on the eight structural difficulty levels 
generally decreased as the structural difficulty levels increased, with only a few 
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exceptions. Participants in grades 6 and 8 had significantly different performances on the 
structural difficulty levels. 
In order to investigate if success on solving steepness problems is dependent on 
the interaction of context and difficulty level, a per-problem analysis was conducted to 
examine the association between context, structural difficulty level, and the interaction 
between context and structural difficulty level with the probability of a correct response 
on the Steepness Test. A per-problem analysis was used, since each context and 
structural difficulty level combination is represented by only one problem on the 
Steepness Test. The outcome for these analyses is whether or not a problem was 
correctly answered, and differences in the probability of a correct answer are described 
through odds ratios that were obtained from multiple logistic regression. 
Table 4.1.9. 
Associations between Context, Structural Difficulty Level and Probability of a 
Correct Response. 
Staircases Lines 
Odds Ratio p value Odds Ratio p value 
"; Levell 
"" = Level2 0.13 < 0.001 ..... "' ~-
= CIJ 
"" .. Level3 
..... CIJ 
00...:1 
Level4 0.20 0.001 0.74 0.035 "t;; ..... 
CIJ ..... E-o'; LevelS 0.26 < 0.001 0.62 < 0.001 ~~ Level6 50.00 < 0.001 CIJ-
= ·-c.= Level7 0.74 0.026 5.25 < 0.001 CIJ 
CIJ 
..... LevelS 1.56 0.001 2.47 < 0.001 00 
* Only sigmficant odds ratios are reported 
The odds ratios presented in Table 4.1.9 compare the odds of a correct response for 
staircase or line problems to that of roof problems in a particular difficulty level. For 
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instance, using the odds of correctly answering problems in structural difficulty level 8 
roof problems as a reference, then the odds of correctly answering the staircase problem 
at level 8 are 1.56 and the odds of correctly answering the line problem at level 8 are 
2.4 7. Since both of these odds ratios are larger than one, it is possible to conclude that 
the roofs problems at level 8 were answered less frequently than the staircase and line 
problems at that same level. 
In summary, significant differences were found in participants' performances on 
the three contexts as well as significant differences in participants' performances on the 
eight structural difficulty levels. There were differences in performances from 
participants in grades 6 and 8 on their contexts as well as their structural difficulty levels. 
Question 2 
What is the relationship between participants' proportional reasoning levels and their 
abilities to correctly solve steepness problems? Does their success vary based on the 
context in which the steepness problem is situated, structural difficulty level of the 
problem, or the interaction of steepness context and difficulty level? 
Data from the administration of the Ratio and Proportion Test and the Steepness 
Test were analyzed to answer Question 2. In October and November 2009, these two 
tests were administered to a total of 413 research participants: 152 participants in Grade 
6, 115 participants in Grade 7, and 146 participants in Grade 8. Participants earned a 
score of 0 to 20 on the Ratio and Proportion Test depending upon the number of 
problems they answered correctly, and a score of 0 to 24 on the Steepness Test depending 
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upon the number of problems they answered correctly. 
On the Ratio and Proportion Test, each of the 20 problems was associated with a 
structural difficulty level ranging from 1 to 4. Participants attained a level by correctly 
answering at least 60% of the problems in a structural difficulty level, meeting this 
requirement for all of the lower structural difficulty levels, and failing to meet this 
requirement for the next higher structural difficulty level. Approximately 5% of 
participants failed to attain Proportional Reasoning Level 1, and were assigned Level 0 
on the Ratio and Proportion Test. The numbers and percentages of participants who 
attained the five levels ranging from 0 to 4 on the Ratio and Proportion Test are presented 
in Table 4.2.1. 
Table 4.2.1. 
Numbers and Percentages of Survey Participants' Levels on the Ratio and 
Proportion Test. (n=413) 
Proportional Number of participants who attained this 
Reasoning level (Percentages) 
Level 
PRO 23 (5.6%) 
PR 1 Ill (26.9%) 
PR2 101 (24.5%) 
PR3 140 (33.9%) 
PR4 38 (9.2%) 
The level that the largest percentage of participants attained on the Ratio and Proportion 
Test was Proportional Reasoning Level3, followed by 1, 2, 4, and 0 respectively. 
Participants who attained higher levels of proportional reasoning attained all of the 
previous levels as well; for instance, a participant who attained Proportional Reasoning 
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Level 3 also attained Proportional Reasoning Levels 1 and 2. 
To investigate the relationship between participants' proportional reasoning levels 
and their success on Steepness Test problems by context, means were computed. Table 
4.2.3 reports the average numbers of problems that participants in each of the five 
proportional reasoning levels answered correctly. There were 8 Steepness Test problems 
in each of the three contexts, Staircases, Roofs, and Lines. There is a gradual increase in 
the means for each of the three Steepness Test contexts as proportional reasoning levels 
increase. 
Table 4.2.2. 
Participants' Means and Standard Deviations by Proportional Reasoning Level and 
Steepness Test Context 
Steepness Test Context 
Proportional Staircases Roofs Lines 
Reasoning Level Mean Std. Dev. Mean Std. Dev. Mean Std. Dev. 
PRO 3.78 1.09 4.78 1.04 5.22 1.54 
PR 1 3.92 1.19 4.81 1.01 5.68 1.53 
PR2 4.42 1.31 5.03 1.16 6.32 1.32 
PR3 4.83 1.46 5.65 1.26 6.78 1.21 
PR4 5.42 1.72 6.05 1.43 6.82 1.49 
As shown in Table 4.2.2, participants in all proportional reasoning levels correctly 
answered the fewest staircase problems and the most line problems. For participants who 
attained Proportional Reasoning Levels 1, 2, and 3, paired t-tests show that the 
differences between performances on each pair of contexts (roofs-staircases, staircases-
lines, roofs-lines) are significantly different (p< 0.001 for all pairings of contexts). For 
participants who attained Proportional Reasoning Levels 0 and 4, paired t-tests reveal 
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significant differences between performances on roofs-staircases and staircases-lines (p < 
0.004 for all pairings), but there is no evidence of significant differences between 
performances on roofs-lines (p = 0.125 for PR 0 participants, p = 0.099 for PR 4 
participants). 
Additionally, Table 4.2.2 shows the numbers of Steepness Test staircase problems 
which participants who attained Proportional Reasoning Levels 0, 1, 2, 3, and 4 answered 
correctly were on average: 3.78, 3.92, 4.42, 4.83, and 5.42 problems, respectively. On 
average, the numbers of roof problems that participants who attained Proportional 
Reasoning Levels 0 through 4 answered correctly were: 4.78, 4.81, 5.03, 5.65, 6.05 
problems, respectively. The average numbers ofline problems that participants who 
attained Proportional Reasoning Levels 0 through 4 answered correctly were: 5.22, 5.68, 
6.32, 6.78, 6.82 problems, respectively. Independent samples t-tests were conducted to 
investigate whether there were significant differences between performances of 
participants of the five proportional reasoning levels on the three contexts. There was 
evidence of significant differences between Proportional Reasoning Levels 2 and 3 
participants on all three contexts. Significant differences were also seen between 
Proportional Reasoning Levels 0 and 2 participants' performances on the staircase (p = 
0.034) and line problems (p = 0.001), as well as between Proportional Reasoning Levels 
3 and 4 participants' performances on the staircase problems (p = 0.034). 
To investigate the relationship between participants' proportional reasoning levels 
and their success on Steepness Test problems by structural difficulty level, percentages of 
participants in each of five proportional reasoning levels who attained each of eight 
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Steepness Test Levels were computed. Participants attained proportional reasoning 
levels by correctly answering 60% of the problems in a structural difficulty level on the 
Ratio and Proportion Test, meeting this requirement for the previous structural difficulty 
levels, and failing to meet this requirement for subsequent structural difficulty levels. 
Participants attained Steepness Test Levels by correctly answering two out of the three 
Steepness Test problems in each of the eight structural difficulty levels. Table 4.2.4 
below shows the percentages of participants who attained each grouping of levels on the 
Ratio and Proportion Test and the Steepness Test. 
Table 4.2.3. 
Percentages of Participants by Ratio and Proportion Level and Steepness Test 
Level. 
Steepness Test Level 
Proportional 
Reasoning 
Level s 1 S2 S3 S4 S5 S6 S7 
PRO 95.7% 91.3% 82.6% 65.2% 43.5% 26.1% 17.4% 
PR 1 95.5% 95.5% 74.8% 73.9% 59.5% 41.4% 15.3% 
PR2 96.0% 98.0% 89.1% 68.3% 65.3% 48.5% 33.7% 
PR3 93.6% 97.9% 94.3% 84.3% 77.9% 57.1% 50.7% 
PR4 97.4% 97.4% 92.1% 92.1% 84.2% 65.8% 60.5% 
In general, higher percentages of participants attained each Steepness Test Level as 
proportional reasoning levels increased. Also, generally, lower percentages of 
S8 
21.7% 
36.0% 
45.5% 
47.9% 
44.7% 
participants attained the higher Steepness Test Levels for each proportional reasoning 
level. Participants who attained the higher proportional reasoning levels were able to 
attain more of the Steepness Test levels. For instance, approximately 75% or more of 
the participants who attained Proportional Reasoning Levels 0, 1, and 2 attained 
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Steepness Test Levels 1, 2, and 3. Approximately 75% or more of the participants who 
attained Proportional Reasoning Levels 3 and 4 attained Steepness Test levels 1, 2, 3, 4, 
and 5. In addition, the participants who attained Proportional Reasoning levels 3 and 4 
had higher percentages of attainment of all Steepness Test levels than participants who 
attained Proportional Reasoning levels 0, 1, and 2. 
To investigate the relationship between participants' proportional reasoning levels 
and their success on Steepness Test problems by structural difficulty level and context, 
Kappa for each pair of problems from the Ratio and Proportion Test and the Steepness 
Test was determined. Kappa computes the percentage agreement between the correctness 
of the participants' responses (correct on both problems or incorrect on both problems) 
and determines whether or not this percentage is significant. If the p-value of the Kappa 
correlation coefficient is less than 0.05, the performance on that pairing of problems is 
significantly correlated. The significant correlations between Ratio and Proportion Test 
and Steepness Test problems are listed in Table 4.2.4 below. 
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Table 4.2.4. 
Significant Correlations between Problems on the Ratio and Proportion Test and 
Steepness Test. 
Ratio and Pro JOrtion Test Problems 
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Table 4.2.4 shows that Steepness Test Levels 5 and 7 problems had the largest number of 
Ratio and Proportion Test problems significantly correlated with them. Performance on 
twelve of the Ratio and Proportion Test problems were significantly correlated with 
performance on each of the Steepness Test LevelS problems, and performance on ten of 
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the Ratio and Proportion Test problems were significantly correlated with performance 
on each of the Steepness Test level 7 problems. 
There is evidence that participants' performances on problems involving similar 
figures on both tests are significantly correlated. Ratio and Proportion Test problems #4, 
7i and 7ii address similar figures. There is evidence of significant correlation between 
participants' performance on these two problems and all six of the Steepness Test 
problems involving similar figures (#2, 8, 12, 13, 18, 23). 
To determine the correlation between the 413 participants' total scores on the 
Ratio and Proportion Test and the Steepness Test, linear regression was performed. 
Results of linear regression indicate that there is a positive correlation between 
participants' Ratio and Proportion Test total scores and participants' Steepness Test total 
scores. The equation predicting Steepness Test score (S) from Ratio and Proportion Test 
score (R) can be written as: S = 0.345 R + 12.003 (p < 0.001 for the slope andy-
intercept). This indicates that on average, participants scored a base score of 12.003 on 
the Steepness Test and for each problem answered correctly on the Ratio and Proportion 
Test, they answered 0.345 Steepness Test problems correctly. From the linear regression, 
the R-squared value is 0.254, indicating that 25.4% of the variability in Steepness Test 
correctness can be explained by Ratio and Proportion Test correctness. 
Linear regressions were performed on subsets of the data by grade. The equations 
predicting Steepness Test score from the Ratio and Proportion Test score can be written 
as: S = 0.382 R + 11.290 for grade 6 (R-squared value is 0.274), S = 0.316 R + 12.296 
for grade 7 (R-squared value is 0.251), andS = 0.321 R + 12.642 for grade 8 (R-squared 
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value is 0.232). All of the slopes andy-intercepts found from the linear regressions by 
grade were significant (p < 0.001). 
Linear regressions were also performed on subsets of the data by grade and 
gender. The results of these linear regressions are displayed in Table 4.2.5. 
Table 4.2.5. 
Results of Linear Regression Predicting Steepness Test Score from Ratio and 
Proportion Test Score, by Grade and Gender 
# 
Grade Gender Participants Equation R- ~uared value 
6 Male 77 S = 0.365 R + 11.909 0.231 
6 Female 72 S = 0.368 R + 10.978 0.261 
7 Male 61 S = 0.304 R + 12.565 0.235 
7 Female 53 S = 0.318 R + 12.149 0.231 
8 Male 70 S = 0.250 R + 13.750 0.133 
8 Female 76 S = 0.376 R + 11.762 0.339 
For male participants in grade 6, 23.1% of the variability in their Steepness Test scores 
could be explained by their Ratio and Proportion Test scores. The equation predicting 
their Steepness Test scores S from their Ratio and Proportion Test scores R is: 
S = 0.365 R + 11.909, indicating that on average, these participants scored a base score 
of 11.909 and correctly answered 0.365 Steepness Test problems correctly for each Ratio 
and Proportion Test problem they answered correctly. All of the slopes andy-intercepts 
reported in the Equation column of Table 4.2.5 are significant (p<0.001). 
In summary, there is a relationship between proportional reasoning achievement 
on the Ratio and Proportion Test and abilities to solve steepness problems on the 
Steepness Test. Participants who attained higher proportional reasoning levels generally 
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scored higher on Steepness Test problems when they were grouped by context. 
Participants who attained higher proportional reasoning levels had higher frequencies of 
attaining Steepness Test Levels. Participants' performances on problems involving 
similar figures on both the Ratio and Proportion Test and the Steepness Test are 
significantly correlated. 
Question 3 
What strategies do participants, when classified by their proportional reasoning levels, 
use to solve problems involving steepness? 
Sixteen students in grades 6 and 8 were interviewed at two Boston-area private 
schools in November 2009. Research participants were given the Ratio and Proportion 
Test prior to one-on-one interviews with the researcher. The Steepness Test was given 
during the interview and participants were asked to think aloud as they solved the 
problems. 
Prior to analyzing the strategies used by interview participants, the proportional 
reasoning levels, genders and grades of the survey study participants and the interview 
participants were compared. As determined by the Ratio and Proportion Test, one 
interview participant attained Proportional Reasoning Level 0, three research participants 
attained Proportional Reasoning Level 1, four research participants attained Proportional 
Reasoning Level2, six research participants attained Proportional Reasoning Level 3, 
and two research participants attained Proportional Reasoning Level4. As shown in 
Table 4.3.1 below, the numbers of participants interviewed in each proportional 
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reasoning level are closely representative of the numbers of participants who attained 
each proportional reasoning level in the survey study. 
Table 4.3.1. 
Interview Participants by Proportional Reasoning Level. 
Percentages of 
participants in 
Proportional survey study Number (%) of 
Reasoning attaining each participants 
Levels level interviewed 
PRO 5.6% 1 (6.3%) 
PR 1 26.9% 3 (18.8%) 
PR2 24.5% 4 (25.0%) 
PR3 33.9% 6 (37.5%) 
PR4 9.2% 2 (12.5%) 
Table 4.3.1 shows that approximate numbers of interview participants were selected to 
match the percentages of participants in the survey study. 
In addition to comparing the proportional reasoning levels that the survey 
participants and the interview participants attained, the Steepness Test scores that the 
survey participants earned were compared to those of the interview participants. For each 
of the sixteen interviewed participants, a Steepness Test First Response Score was 
derived from the correctness of participants' initial responses to the comparison 
questions. Since there was evidence of significant differences between performances of 
grade 6 and 8 participants on the Steepness Test based upon context and difficulty in the 
survey study, the researcher used the linear regression equations from Table 4.2.1 to 
predict Steepness Test scores by gender and grade level. In Table 4.3.2, a summary of the 
interviewed participants' profiles is given. The participants are listed by Ratio and 
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Proportion Test Level, Gender, Grade, Ratio and Proportion Test Score, Steepness Test 
First Response Score, Predicted Steepness Test Score, and the Difference between 
Predicted and Actual Scores. 
Table 4.3.2. 
Interview Participant Profiles by Proportional Reasoning Level, Ratio and 
Proportion Test Score, Steepness First Response Score, Predicted Steepness Test 
Score, and Difference between Steepness Test Predicted and First Response Score. 
Proportional Gender Grade Ratio & Steepness Predicted Difference: 
Reasoning Proportion First Steepness First Response 
Level Test Score Response Test score Score-
Score based upon Steepness Test 
Ratio Test Predicted Score 
score 
PRO Female 6 3 13 12.08 0.92 
PR 1 Male 6 6 15 14.10 0.90 
PR 1 Male 8 6 16 15.25 0.75 
PR 1 Female 6 7 11 13.55 
-2.55 
PR2 Male 6 12 19 16.29 2.71 
PR2 Male 8 13 16 17.00 
-1 
PR2 Female 6 10 17 14.66 2.34 
PR2 Female 8 13 19 16.65 2.35 
PR3 Male 6 14 24 17.02 6.98 
PR3 Male 8 18 18 18.25 
-0.25 
PR3 Male 8 15 16 17.50 
-1.5 
PR3 Male 8 16 15 17.75 
-2.75 
PR3 Female 6 12 18 15.39 2.606 
PR3 Female 8 14 20 17.03 2.974 
PR4 Male 8 19 18 18.50 
-0.50 
PR4 Female 8 19 20 16.65 3.35 
Average 1.0830625 
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On average, the interviewed participants scored approximately one point higher than 
predicted by participants' data from the survey study. 
Participants' solution strategies were coded into ten different categories: 1) 
irrelevant data, 2) area, 3) one measurement, 4) addition, 5) two measurements, 6) 
scaling, 7) norming, 8) ratio or rate, 9) angles, and 1 0) other. In order to examine the 
relationship between participants' strategies and their proportional reasoning levels, first 
the strategies that participants used while solving Steepness Test problems were coded 
based upon the strategy that participants used to produce the final response to each of the 
Steepness Test problems. Frequencies of strategies used by participants are listed in 
Table 4.3.3. 
Table 4.3.3. 
Interview Participants' Solution Strategies. 
Percentage Used by 
Strate~des Participants 
Irrelevant Data 5.2% 
Area 2.3% 
One Measurement 10.7% 
Addition 0.8% 
Two Measurements 8.1% 
Scaling 9.9% 
Norming 17.4% 
Ratio or Rate 13.5% 
Other 6.5% 
Angle 25.5% 
Frequencies of strategies used by participants in each proportional reasoning level 
were determined and are reported in Figure 4.3.1. The use ofthe Angles strategy was 
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omitted from this analysis since using a geometric way of comparing slopes is not a focus 
of this research question. 
Figure 4.3.1. 
Participants' Solution Strategies by Proportional Reasoning Level. 
30% 
25% 
IIPR 0 
+----------.-----------------,-----1 II PR I 
20o/o +---------~------------------~ 1---------i 0 PR 2 
-----1 OPR3 15% 
10% 
5% 
0% 
IIPR4 
Strategies 
From the interviews conducted, it appears that participants' strategies are somewhat 
related to their proportional reasoning levels. The participants who attained the higher 
proportional reasoning levels used the Norming and Ratio or Rate strategies more 
frequently, and the participants who attained the lower proportional reasoning levels used 
the Irrelevant Data, Area, and One Measurement strategies more frequently. 
To examine the relationship between participants' proportional reasoning levels 
and the strategies they used on Steepness Test problems by context, percentages of 
Steepness Test strategies in each of the proportional reasoning levels were computed for 
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each context. Table 4.3.4 shows the percentages of strategies used on the Steepness Test 
roof, staircase, and line problems. 
Table 4.3.4. 
Interview Participants' Strategies by Proportional Reasoning Level and Steepness 
Test Context. 
Staircase Problem Proportional Reasoning Levels 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 37.5% 16.7% 12.5% 4.2% 
Area 6.3% 
One Measurement 50.0% 16.7% 12.5% 8.3% 25.0% 
Addition 3.1% 6.3% 
Two Measurements 12.5% 8.3% 3.1% 14.6% 12.5% 
Scaling 8.3% 6.3% 4.2% 18.8% 
Norming 4.2% 3.1% 14.6% 12.5% 
Ratio or Rate 25.0% 35.4% 25.0% 
Other 4.2% 21.9% 6.3% 
Roof Problem Proportional Reasoning Levels 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 8.3% 9.4% 
Area 2.1% 6.3% 
One Measurement 25.0% 8.3% 9.4% 4.2% 
Addition 
Two Measurements 37.5% 16.7% 6.3% 8.3% 6.3% 
Scaling 25.0% 20.8% 18.8% 8.3% 37.5% 
Norming 16.7% 21.9% 25.0% 18.8% 
Ratio or Rate 3.1% 20.8% 12.5% 
Other 12.5% 4.2% 3.1% 
Line Problem Proportional Reasoning Levels 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 12.5% 3.1% 
Area 12.5% 12.5% 8.3% 6.3% 
One Measurement 6.3% 6.3% 
Addition 2.1% 
Two Measurements 12.5% 8.3% 3.1% 4.2% 
Scaling 8.3% 25.0% 31.3% 31.3% 
Norming 3.1% 18.8% 12.5% 
Ratio or Rate 16.7% 3.1% 
Other 20.8% 6.3% 18.8% 
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Table 4.3.4 shows the percentages of responses within each proportional reasoning level 
that participants used each type of strategy on the Steepness Test problems. For roof 
problems, 3 7.5% of the responses by participants who attained Proportional Reasoning 
Level4 used the scaling strategy, 18.8% used the norming strategy, and 12.5% used the 
ratios or rates strategy. In contrast, 25% of the responses by the participant who attained 
Proportional Reasoning Level 0 used the scaling strategy, whereas the norming and ratio 
strategies were not used at all to solve roof problems. On the staircase problems, 37.5% 
of the responses of the participant who attained Proportional Reasoning Level 0 used the 
irrelevant data strategy, whereas none of the participants who attained Proportional 
Reasoning Level 4 used the irrelevant data strategy on staircase problems. Larger 
percentages of participants who attained Proportional Reasoning Levels 3 and 4 used the 
scaling and norming strategies on line problems than participants who attained 
Proportional Reasoning Levels 0, 1, and 2. Thus, more advanced strategies were used in 
each Steepness Test context by participants who attained higher levels of proportional 
reasonmg. 
To examine the relationship between participants' proportional reasoning levels 
and the strategies they used on Steepness Test problems by structural difficulty level, 
percentages of strategies used by participants who attained each of the five proportional 
reasoning levels were computed for each structural difficulty level. Table 4.3.4 shows 
the percentages of strategies used by participants who attained Proportional Reasoning 
Levels 0, 1, 2, 3, and 4 to solve Steepness Test problems in structural difficulty levels 1, 
2, 3, 4, 5, 6, 7, and 8. 
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Table 4.3.5. 
Interview Participants' Strategies by Proportional Reasoning Level and Steepness 
Structural Difficulty Level 
Proportional Reasonin Levels 
Level 1 Problem 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 11.10% 8.30% 
Area 16.70% 
One Measurement 33.30% 16.70% 50.00% 
Addition 
Two Measurements 66.70% 22.20% 8.30% 16.70% 
Scaling 
Norming 5.60% 
Ratio or Rate 22.20% 
Other 22.20% 5.60% 16.70% 
Proportional Reasonin Levels 
Level 2 Problem 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 33.30% 11.10% 8.30% 
Area 
One Measurement 25.00% 11.10% 16.70% 
Addition 
Two Measurements 33.30% 8.30% 11.10% 
Scaling 
Norming 11.10% 22.20% 66.70% 
Ratio or Rate 0.00% 11.10% 16.70% 
Other 22.20% 16.70% 5.60% 16.70% 
Proportional Reasonin Levels 
Level 3 Problem PRO PRl PR2 PR3 PR4 Strategies 
Irrelevant Data 33.30% 11.10% 8.30% 
Area 33.30% 5.60% 16.70% 
One Measurement 33.30% 11.10% 16.70% 16.70% 
Addition 
Two Measurements 
Scaling 8.30% 16.70% 
Norming 11.10% 33.30% 27.80% 16.70% 
Ratio or Rate 11.10% 22.20% 
Other 11.10% 16.70% 5.60% 16.70% 
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Proportional Reasonin Levels 
Level 4 Problem PRO PRl PR2 PR3 PR4 Strategies 
Irrelevant Data 
Area 11.10% 
One Measurement 33.30% 11.10% 8.30% 5.60% 
Addition 
Two Measurements 11.10% 16.70% 16.70% 
Scaling 66.70% 33.30% 25.00% 22.20% 33.30% 
Normine: 16.70% 
Ratio or Rate 11.10% 22.20% 16.70% 
Other 
Proportional Reasonine: Levels 
Level 5 Problem 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 33.30% 11.10% 8.30% 
Area 11.10% 
One Measurement 66.70% 8.30% 5.60% 
Addition 5.60% 33.30% 
Two Measurements 5.60% 
Sea line: 33.30% 8.30% 5.60% 33.30% 
Norming 11.10% 16.70% 27.80% 
Ratio or Rate 11.10% 16.70% 33.30% 33.30% 
Other 11.10% 16.70% 
Proportional Reasoning Levels 
Level 6 Problem 
Strategies PRO PRl PR2 PR3 PR4 
Irrelevant Data 22.20% 16.70% 11.10% 
Area 11.10% 
One Measurement 66.70% 22.20% 16.70% 5.60% 
Addition 8.30% 5.60% 
Two Measurements 33.30% 25.00% 16.70% 16.70% 
Sea line: 11.10% 8.30% 16.70% 
Norming 11.10% 16.70% 27.80% 
Ratio or Rate 11.10% 27.80% 50.00% 
Other 11.10% 8.30% 5.60% 16.70% 
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Pro~ortional Reasoning Levels 
Level 7 Problem PRO PRl PR2 PR3 PR4 Strategies 
Irrelevant Data 
Area 11.10% 16.70% 5.60% 
One Measurement 33.30% 22.20% 5.60% 
Addition 11.10% 
Two Measurements 8.30% 16.70% 
Scaling 22.20% 16.70% 11.10% 33.30% 
Normin2 33.30% 38.90% 16.70% 
Ratio or Rate 11.10% 22.20% 16.70% 
Other 33.30% 
Proportional Reasoning Levels 
Level 8 Problem PRO PR 1 PR2 PR3 PR4 Strategies 
Irrelevant Data 33.30% 16.70% 
Area 8.30% 
One Measurement 11.10% 5.60% 
Addition 
Two Measurements 33.30% 22.20% 16.70% 
Scaling 33.30% 8.30% 5.60% 16.70% 
Norming 33.30% 33.30% 38.90% 50.00% 
Ratio or Rate 27.80% 16.70% 
Other 22.20% 8.30% 16.70% 
* Use of the angles strategy is not reported in these tables 
The use of the angles strategy was omitted from this analysis, thus the percentages 
of strategies reported in each column may not sum to 100%. As shown in Table 4.3.5, 
66.7% of the Steepness Test structural difficulty level 1 problems were solved using the 
two measurements strategy by the participant who attained Proportional Reasoning Level 
0. On problems with structural difficulty levels 3 through 7, participants who attained 
Proportional Reasoning Level 0 used the one measurement strategy to solve problems 
much more frequently than participants who attained higher levels of proportional 
reasoning. To solve the problems in structural difficulty levels 4 through 8, participants 
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who attained Proportional Reasoning Level 4 predominantly used the two measurements, 
scaling, norming, and ratio or rate strategies. In general, more advanced strategies were 
used to solve the problems with higher structural difficulty by the participants who 
attained higher levels of proportional reasoning. 
In structural difficulty levels 4 and 5, the objects to be compared were similar, 
thus the use of scaling was appropriate. According to Table 4.3.5, scaling was also used 
by participants of all proportional reasoning levels to solve problems with structural 
difficulties of 7 and 8, and since the objects to be compared were not similar, incorrect 
responses were obtained. The differences between the angles formed by the objects in 
these two levels were 3.18 degrees and 1.4 degrees respectively, and visually these small 
angular distinctions may be difficult to make in the absence of using other measurements. 
A further investigation was conducted to examine the relationship between 
participants' proportional reasoning levels and the correctness of the participants' 
responses for each ofthe strategies used. The participants' final responses on each of the 
Steepness Test problems was coded as correct or incorrect, based upon whether the 
participant correctly determined which of the roofs, staircases, or lines was steeper, or if 
both were equally steep. Percentages of participants' correct and incorrect responses 
using each of the strategies were determined. Bar graphs were created for participants in 
each of the five proportional reasoning levels. Since the sample size of 16 interviewed 
participants is relatively small, paired t-tests indicating significant differences between 
populations are not statistically valid, however some general patterns of participants' 
reasoning can still be observed. 
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Figure 4.3.2. 
Participants' Strategies on the Steepness Test by Correctness and Proportional 
Reasoning Levels. 
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The interview participant who attained Proportional Reasoning Level 0 used a variety of 
solution strategies but the majority did not involve proportional reasoning. The 
participant used the one measurement strategy with limited success, only correctly 
answering half of the problems attempted using this strategy. Usually this participant 
focused only on the vertical height alone to make decisions. All of the problems solved 
using the two measurements strategy were solved using qualitative descriptions of the 
two dimensions, such as "wider" and "bigger", rather than using numeric descriptions. 
The three interview participants who attained Proportional Reasoning Level 1 used all but 
one of the solution strategies when solving problems on the Steepness Test. The success 
of these strategies in producing correct results ranged from 25.0% (using the ratio or rate 
strategy) to 71.4% (using the norming strategy). They were most successful using the 
scaling (66.7%) and norming strategies (71.4%), but even these were limited. 
All solution strategies were used by at least one of the four participants who 
attained Proportional Reasoning Level 2. The norming strategy was used most 
frequently; the second most frequently used strategy that these participants used was the 
one measurement strategy. Overall, the range of correct application of a strategy was 
from 0% for using the ratio or rate strategy to 1 00% for using the two measurements 
strategy. 
The six interview participants who attained Proportional Reasoning Level 3 
applied the norming and ratio or rate strategies to approximately half of the Steepness 
Test problems. The most common strategy used by these participants was the two 
measurements strategy, and 92.9% of the problems solved using this strategy were solved 
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correctly. Out of all of the problems which the participants solved using the norming 
strategy, 88% of these problems were solved correctly; 76% of the problems solved using 
the ratios or rates strategy were solved correctly. 
There were two participants who attained Proportional Reasoning Level4. They 
used all of the solution strategies, most successfully to obtain correct responses. Of the 
problems solved using the norming strategy, 90% were answered correctly and 88% of 
the problems solved using the ratio or rate strategy were answered correctly. The 
application of the scaling strategy was not as successful as only 33.3% of the problems 
answered using this strategy were answered correctly. 
Four strategies used by interview participants involve some aspect of proportional 
reasoning: two measurements, scaling, norming, and ratio or rate. To investigate 
differences in performances using these strategies by participants in the five proportional 
reasoning levels, success rates were determined. The success rates are presented in Table 
4.3.6. 
Table 4.3.6. 
Interview Participants' Success Rates for Four Strategies Most Related to 
Proportional Reasoning. 
Proportional Reasonin_g_ Levels 
Strategies PRO PRl PR2 PR3 PR4 
Two Measurements 100% 50% 100% 90% 100% 
Scalin2 67% 67% 56% 60% 32% 
Norming 70% 88% 88% 90% 
Ratio or Rate 50% 76% 88% 
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The participants who attained the lower proportional reasoning levels had lower rates of 
success solving problems using Norming and Ratios or Rates, when these strategies were 
used. The Scaling strategy largely involved qualitative descriptions, and participants who 
attained the lower proportional reasoning levels had higher success rates solving these 
problems using Scaling. The Two Measurements strategy was used successfully for 
participants who attained Proportional Reasoning Levels 0, 2, 3, and 4, but participants 
who attained Proportional Reasoning Level 1 were only successful half of the time that 
they used this strategy. 
To further investigate the relationship between participants' proportional 
reasoning levels and their solutions using the Two Measurements strategy, each of the 
problems coded as Two Measurements were also coded as qualitative or quantitative 
depending upon the type of descriptions that were given of the two measurements taken 
into account. While the Two Measurements strategy was used by research participants 
who attained proportional reasoning levels 0 through 4, the participants who attained 
higher proportional reasoning levels more often used quantitative descriptions of the two 
measurements, whereas participants who attained lower proportional reasoning levels 
more often used qualitative descriptions of the two measurements. The numbers of 
qualitative and quantitative descriptions for the Two Measurements strategy given by the 
participants in each of the proportional reasoning levels are shown below in Table 4.3.7. 
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Table 4.3. 7. 
Interview Participants' Two Measurement Strategy Codes by Proportional 
Reasoning Level, Qualitative Description, and Quantitative Description. 
Proportional 
Reasoning Qualitative Quantitative 
Levels Description Description Total 
PRO 4 0 4 
PRl 6 0 6 
PR2 2 1 3 
PR3 6 8 14 
PR4 1 3 4 
Total 19 12 31 
According to Table 4.3.7, the participants who attained Proportional Reasoning Levell 
used only qualitative descriptions, and as Table 4.3.6 reported, half of these responses 
yielded incorrect responses. From Table 4.3.7, it was determined that the participants in 
who attained Proportional Reasoning Levels 3 and 4 used more quantitative descriptions 
than qualitative descriptions when they used the Two Measurements strategy, whereas 
participants who attained the Proportional Reasoning Levels 0, 1, and 2 used more 
qualitative descriptions than quantitative descriptions when they described the use of two 
measurements to compare steepness. Even though participants who attained Proportional 
Reasoning levels 0, 1, 3, and 4 had high success rates using the Two Measurements 
strategy (as shown in Table 4.3.6), Table 4.3.7 shows that participants who attained the 
higher proportional reasoning levels used more quantitative descriptions than participants 
who attained the lower proportional reasoning levels. 
In this section, interview data regarding participants' strategies of solving 
steepness problems was presented. The profiles of the interview participants closely 
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mirrored gender, grade, and proportional reasoning profiles of the survey participants, 
although the interview participants on average scored about a point higher than the 
survey participants scored on the Steepness Test. Percentages of participants in each 
proportional reasoning level who used strategies on steepness problems by context and 
structural difficulty level were reported. It was determined that participants who attained 
higher levels of proportional reasoning tended to use more advanced strategies to solve 
steepness problems by context and by structural difficulty level. The participants who 
attained the higher levels of proportional reasoning also tended to have higher success 
rates on solving the problems using the more advanced strategies and to use more 
quantitative data in their problem solving strategies. 
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ChapterV 
DISCUSSION 
In the present study, middle school students' abilities to solve proportional 
reasoning and steepness problems were investigated in order to gain insight into the 
factors affecting students' abilities to reason about steepness. The study was designed to 
determine if students' success in solving steepness problem is related to their level of 
proportional reasoning, to the context in which the problem is situated, or to the level of 
difficulty of the problem. Factors analyzed by the survey portion of this study were 
context, level of difficulty of the problem, and the interaction of the context and difficulty 
level. The sample for the survey study consisted of 413 students in grades 6, 7, and 8. 
The interview portion of this study identified strategies that research participants used to 
solve steepness problems. Sixteen students in grades 6 and 8 were interviewed. 
Data were gathered for this study using both quantitative and qualitative 
instruments. In October and November 2009, the Ratio and Proportion Test and the 
Steepness Test were administered to middle school students in one Boston-area school. 
The Ratio and Proportion Test was an adapted version of the CSMS survey and included 
20 missing-value proportion problems of varying structural difficulty. The Steepness 
Test included 24 comparison problems situated in one ofthree contexts: roofs, staircases, 
and lines. The Steepness Test problems varied in structural difficulty. The results of the 
Ratio and Proportion and Steepness Tests provided quantitative data for this study. The 
instruments were scored for correctness. 
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In addition, for the interview portion of this study, the Ratio and Proportion Test 
was administered to middle school students in two Boston-area schools in October 2009. 
It was used to classify research participants' understanding of proportional reasoning. 
Participants' levels of understanding ranged from Proportional Reasoning Level 0, the 
most elementary level, to Level 4, the most advanced level. Participants were 
interviewed in a one-on-one interview using the Steepness Test in November 2009. 
Interviews were audiotaped and videotaped and later transcribed. Participants' written 
work was also collected from the interviews. 
The research questions that were addressed in this study are: 
4. Are research participants able to successfully solve steepness problems? Does 
their success vary based on the 
a. context in which the problem is situated? 
b. structural difficulty level of the problem? 
c. interaction of context and difficulty level? 
5. What is the relationship between research participants' proportional reasoning 
levels and their abilities to correctly solve steepness problems? Does their success 
vary based on the: 
a. context in which the steepness problem is situated? 
b. structural difficulty level of the problem? 
c. interaction of context and difficulty level? 
6. What strategies do research participants, when classified by their proportional 
reasoning levels, use to solve problems involving steepness? 
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Section I of this chapter includes a discussion of the three research questions 
pertaining to participants' abilities to solve steepness problems, participants' proportional 
reasoning abilities and their abilities to solve steepness problems, and participants' 
strategies used to solve steepness problems. In Section II, limitations of the study are 
described. In Section Ill, suggestions for future research are addressed. 
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Section 1: Discussion of the results 
In this section, possible explanations for participants' differing performances on 
the Steepness Test contexts and structural difficulty levels will be offered in light of the 
results of other research studies that have been conducted. Also, the strategies which the 
participants used to solve Steepness Test problems are discussed. 
Several research studies show that the ability to reason proportionally is highly 
dependent upon context, and that some tasks facilitate students' reasoning proportionally 
more than others (Chletsos, DeLisi, & Turner, 1989; Toumiaire & Pulos, 1985). 
Researchers have also found that students' familiarity with contexts tends to help them 
solve proportional reasoning problems (Bright, Joyner, & Wallis, 2003). However, there 
is a dearth of literature that investigates students' abilities to reason about steepness in 
various contexts. 
In this study, participants in grades 6, 7, and 8 answered steepness problems about 
lines correctly most frequently, followed by roofs and staircases. Results of this study 
reveal that participants' reasoning about steepness was dependent upon context. As 
shown in Table 4.1.4, approximately 80% ofthe line problems were answered correctly, 
approximately 66% ofthe roof problems were answered correctly, and approximately 
56% ofthe staircase problems were answered correctly. There are several possible 
explanations for why participants were more successful answering line problems, 
followed by roof and staircase problems. One possible explanation is that students' 
familiarity with contexts impacts their performances, and this hypothesis would be 
supported by Toumiare and Pulos' (1985) research. Middle school students may be more 
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familiar with lines drawn in the coordinate plane due to exposure to them in mathematics 
classes. The study of graphical representations of proportional relationships is a common 
middle school topic and is addressed in the grade 7 Massachusetts Curriculum 
Frameworks (Massachusetts Department of Education, 2004). 
Students' familiarity with contexts may guide them to pay attention to relevant 
data from visual pictures. On roof and staircase problems, participants may have been 
unclear as to what physical features to look for in determining relative steepness. Based 
on the interview study, it was seen that some survey participants compared the areas 
underneath the roofs or drew an incorrect auxiliary line for the staircases. Mitchelmore 
and White (2000) hypothesized that the sloping edges of a hill depicted in their diagrams 
helped their grades 2-8 research participants identify similarities between the hill and a 
standard angle. A similar effect may have taken place in the present study. The staircase 
problems did not explicitly contain lines whose steepness could be compared, whereas 
the roof and line problems did contain lines whose steepness could be directly compared. 
Additionally, roof problems contained more lines than necessary (eg, the rectangular 
houses underneath the roofs) whereas the line problems only depicted relevant lines. The 
extra lines on the roof drawings confused some of the interview participants and they 
unsuccessfully used the irrelevant data strategy in their solutions. 
In the present study, although the relative difficulty of the three contexts remained 
the same for all three grades, participants in grade 6 scored significantly lower than 
participants in grade 8 for each context. There may be differences on performances of 
participants in grade 8 because ofthe emphasis ofthe curriculum at grade 7. National 
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curriculum recommendations, state frameworks, and textbooks indicate that proportional 
reasoning, with an emphasis on similar figures, is an important topic (Lappan, Friel, Fey, 
& Phillips, 2009; Massachusetts Department of Education, 2004; National Council of 
Teachers ofMathematics, 2006). Knowledge of proportional reasoning and similar 
figures could help participants answer the Steepness Test problems correctly. No 
significant differences were observed between grade 6 and grade 7 participants' scores on 
the contexts, nor were significant differences observed between grade 7 and grade 8 
participants' scores on the contexts. The present study was conducted during the fall 
semester, and the grade 7 participants may have been exposed to some but not yet the full 
recommended range of proportional reasoning topics intended for their yearlong 
mathematics courses. Further studies that investigate the impact of proportional reasoning 
abilities on understanding of steepness of physical objects could be conducted. 
This study raises additional questions about the kind of familiarity that students 
need to have about a context in order to reason about steepness. Students generally 
encounter staircases earlier in their lives than they encounter lines drawn on a coordinate 
plane. Why, then, would students have the most difficulty solving steepness problems 
involving staircases? Even though students often climb physical sets of staircases in 
everyday life, it may be difficult for students to judge the steepness of staircases due to 
irrelevant data which they may consider as factors contributing to steepness. In this 
study, participants' use of irrelevant data to solve the staircase problems decreased as 
participants' proportional reasoning levels increased, but a small sample size was used. 
Future research could investigate on a larger scale whether participants who are reasoning 
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proportionally are better at determining which factors to consider when determining a 
measure of steepness. 
Another possible explanation for limited success on staircase problems could be 
that some participants may have more difficulty with solving visual problems depicted 
with discrete units. Boyer, Levine and Huttenlocher (2008) found that kindergarten 
through fourth graders had more difficulty solving proportional reasoning problems 
represented visually when the pictures had discrete units demarcated on them than when 
the pictures did not have units marked. The results of this study are consistent with 
Boyer, Levine and Huttenlocher's findings that proportional reasoning problems whose 
visual depictions are more continuous in nature are easier for participants to correctly 
solve. 
The present study also found that proportional reasoning abilities were related to 
increased abilities to solve problems in the three different contexts. As reported in Table 
4.2.2, within each of the three Steepness Test contexts, participants who attained lower 
proportional reasoning levels also attained lower mean scores on staircase, roof, and line 
problems. It appears that proportional reasoning abilities may be a factor which 
influences participants' abilities to reason about steepness. 
An analysis was conducted to determine whether interviewed participants' 
strategies differed by context and are reported in Table 4.3.4. On staircase problems, the 
non-proportional strategies of one measurement and irrelevant data were most commonly 
used across participants of all proportional reasoning levels, suggesting that participants 
were unable to determine a reliable measure of steepness. On roof problems, the scaling 
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strategy was commonly used incorrectly, as participants believed many of the sets of 
roofs were equally steep. On line problems, the area strategy was the non-proportional 
strategy most commonly used. 
In addition to an investigation of participants' performances on context, an 
investigation of participants' performance on structural difficulty levels was conducted. 
The percentages of participants who attained each of structural difficulty levels 1 through 
8 on the Steepness Test decreased as the structural difficulty levels increased, indicating 
that the problems in the higher structural difficulty level were more difficult. The slopes 
for each of the structural difficulty levels were chosen based upon Noelting's (1980) 
empirically derived progression of difficulty that participants experienced with solving 
comparison problems involving orange juice concentrations. The percentages of 
Noelting's (1980) participants aged 6 through 16 who correctly solved the orange juice 
comparison problems in each of the structural difficulty levels are listed below in Table 
5 .1.1, alongside the percentages of participants in the present study who attained each of 
the Steepness Test difficulty levels. 
Table 5.1.1. 
Percentages of participants by study and structural difficulty level. 
Steepness Test Difficulty Percentages ofNoelting's Percentages of present 
Levels (1980) participants study participants 
Levell 99% 97% 
Leve12 95% 92% 
Leve13 93% 81% 
Level4 78% 67% 
Level5 68% 62% 
Level6 57% 55% 
Level7 28% 41% 
LevelS 22% 40% 
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The findings of the present study confirm that the progression which Noelting found in 
his experimental context is also relevant for visually represented comparison problems in 
the contexts of staircases, roofs, and lines. 
In studies that investigate the cognitive demands for solving tasks of various 
structural difficulties, researchers have found that tasks requiring consideration of fewer 
quantities were easier for participants to solve. In particular, taking into account four 
quantities simultaneously, which is required for proportional reasoning, is cognitively 
more complex than only taking into account one quantity. For instance, on a balance 
scale task used in research beginning with Inhelder and Piaget (1958) and subsequently 
used by other researchers (Halford, Andrews, Dalton, Boag, & Zielinski, 2002; Siegler, 
1976), it was found that problems were more likely to be successfully solved if one of the 
two variables, weight or distance from fulcrum, was held constant. Siegler (1976) 
hypothesizes that this is the case because participants only need to take into account one 
quantity rather than two. When both the weight and distance varied, some participants in 
Siegler's study still took into consideration only one of these quantities. 
The findings of the survey portion of the present study are consistent with the 
findings of research on relational complexity. Steepness Test Level2 problems involved 
a comparison of one dimension; objects with slopes of 111 and 2/1 were compared. Only 
one variable differed in this case and approximately 92% of the Level 2 problems in the 
survey study were solved correctly. In the interview study, the one measurement strategy 
was appropriately used by participants who attained Proportional Reasoning Levels 2, 3, 
and 4 to solve Steepness Test Level 2 problems, but this strategy was used heavily by the 
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participants who attained Proportional Reasoning Levels 0 and 1 on other steepness 
problems for which taking into account only one measurement would not suffice. 
Another finding that is consistent with relational complexity theory is that 
approximately 26% of the strategies used to solve Steepness Test problems by the 
interview participants were coded as the angle strategy. Since the angle is one quantity 
that can be considered alone to determine relative steepness, participants may have 
resorted to that comparison even when a visual comparison of angles may have been 
difficult, since the differences between the angle measures decreased as structural 
difficulties increased. A list of the angles involved on the Steepness Test is presented in 
Table 5.1.2. 
Table 5.1.2. 
Steepness Test Problems' Slopes and Angles by Difficulty Level. 
Steeper angle Less Less steep angle Difference 
Steepness Test Steeper measure (in steep measure (in between angles 
Difficulty Levels slope degrees) slope degrees) (in degrees) 
Levell 2/1 63.4 1/2 26.6 36.8 
Level2 2/1 63.4 1/1 45 18.4 
Level3 4/3 53.1 2/2 45 8.1 
Level4 3/3 45 2/2 45 0.0 
Level5 2/4 26.6 1/2 26.6 0.0 
Level6 3/1 71.6 5/2 68.2 3.4 
Level7 3/2 56.3 4/3 53.1 3.2 
LevelS 317 23.2 2/5 21.8 1.4 
For steepness problems in Levels 1 and 2, using the angle strategy is straightforward 
because the differences between the angles are greater than 15 degrees. Over 90% of the 
survey participants attained Levels 1 and 2. On the other hand, only about 81% of the 
participants attained Level 3, which involved a comparison of objects with slopes of 2/2 
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and 4/3. This result suggests that participants also had an easier time comparing 
problems that involved a comparison of one quantity rather than two. An extension of 
this study could explore other factors which might contribute to students' success on 
steepness problems, including students' intuitions about angles. 
Level 8 Steepness Test problems, which compared objects with slopes of 3/7 and 
2/5, were the most difficult for the survey participants. To solve many of the LevelS 
problems, interview participants used the scaling strategy and incorrectly concluded that 
the two roofs, staircases, or lines had the same steepness. Participants who were using an 
angle strategy to solve the problems may have had trouble differentiating between 1.4 
degrees in the absence of taking into account other measures. 
Prior to this study, no investigations were conducted to determine if a relationship 
existed between participants' proportional reasoning abilities and their abilities to solve 
steepness problems. Streefland (1985) notes that the ability to reason proportionally can 
help students to solve problems in a variety of domains, such as physics (eg, density, 
pressure), chemistry ( eg, concentrations), and biology ( eg, cross section of muscles and 
forces exerted). In a related study, Fischbein, Pampu, and Manzat (1970) also found that 
the ability to reason proportionally helps participants to solve problems in other domains. 
Fischbein and his research team taught 9 and 10 year old research participants how to 
compare ratios, and they were able to apply this knowledge to solve problems involving 
probabilities and chance. 
The relationship between proportional reasoning levels and participants' 
attainment of Steepness Test levels was reported in Table 4.2.3. It appears that 
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proportional reasoning abilities may aid participants in solving steepness problems of all 
difficulty levels. This could imply that students should be introduced to steepness as they 
learn about proportional relationships, to help them later learn about linear functions. 
The making of connections between related geometric and algebraic topics such as 
proportional reasoning, steepness, and slope is encouraged by the National Council of 
Teachers ofMathematics (2000). 
Another investigation conducted regarding participants' performance on the Ratio 
and Proportion Test and the Steepness Test was done on a problem-by-problem basis. 
Each of the 20 problems on the Ratio and Proportion Test was paired with each of the 24 
problems on the Steepness Test, and the significantly correlated problems are presented 
in Table 4.2.4. On average, Steepness Test Level 7 problems were significantly 
correlated with 13 of the 20 problems on the Ratio and Proportion Test. This suggests 
that if participants answered a Steepness Test Level 7 problem incorrectly, they likely 
answered many of the Ratio and Proportion Test problems incorrectly as well; and if they 
answered a Steepness Test Level 7 problem correctly, they likely answered many of the 
Ratio and Proportion Test problems correctly as well. Since less than half of the survey 
participants attained Steepness Test Level 7, it may be helpful to conduct further research 
to investigate whether teaching students about certain aspects of proportional reasoning 
may help them correctly solve steepness problems. 
Interview participants in the present study used ten different types of solution 
strategies when solving the Steepness Test problems: irrelevant data, area, one 
measurement, addition, two measurements, scaling, norming, ratio or rate, angle, and 
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other. In solution strategies classified as non-proportional such as irrelevant data, area, 
one measurement, addition, and angle, participants used a variety of approaches in their 
decision making processes. In strategies classified as proportional, such as two 
measurements, scaling, norming, and ratio or rate, participants took into account the idea 
that two length measurements needed to be combined in a non-additive fashion. 
Some of the errors that research participants made when solving Steepness Test 
problems are similar to errors made on other types of proportional reasoning tasks. In this 
study, there was evidence ofthe incorrect use of addition, which took place when 
participants looked at additive differences between two measurements instead of looking 
at multiplicative relationships between the two measurements. This error, using additive 
thinking to describe proportional relationships, is well documented in the literature on 
proportional reasoning (Hart, 1981; Lamon, 2007; Simon & Blume, 1994). In the present 
study, one participant used the addition strategy to incorrectly explain that two staircases 
have the same steepness because of a common difference of 1 between the vertical and 
horizontal lengths. However, the use of the additive approach was relatively infrequent-
less than 1% ofthe problems were solved using this strategy. Perhaps participants are 
less likely to use additive reasoning on comparison problems than they are on missing 
value problems, or perhaps the context of the problem influences participants' choice of 
strategy. Another explanation for the infrequent use of additive reasoning could be that 
the contexts that were given on the Steepness Test did not encourage additive thinking. 
Additional research is needed to investigate the relationship between the application of 
additive solution strategies to comparison problems involving steepness. 
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In the present study, another common non-proportional strategy employed by 
participants was the one measurement strategy. Participants who attained lower 
proportional reasoning used the one measurement strategy more frequently than did 
participants who attained higher proportional reasoning levels. This may imply that 
participants who are less able to reason proportionally may need further instruction 
before they are able to take into account the two dimensions that are required for 
understanding steepness as a ratio. 
Another error exhibited by participants in this study was the use of irrelevant data. 
Consistent with Lobato's (1996) findings when interviewing participants about ramps, 
participants in this study found a myriad of irrelevant data to consider while comparing 
the steepness of roofs, lines and stairs, including finding the area of the rectangular house 
underneath a roof, observing that each stair was formed by a 90 degree angle, and using 
the number of steps in the staircase to describe steepness. This finding shows that in 
order to understand steepness, participants need to understand what characteristics of 
objects needed to be measured in order to determine steepness. The use of irrelevant data 
decreased as proportional reasoning levels increased. Participants who attained 
proportional reasoning level 4 did not exhibit the use of irrelevant data. Future research 
could see whether instruction in proportional reasoning affects participants' abilities to 
attend to relevant data when solving steepness problems. 
Some of the proportional strategies that research participants used to solve 
Steepness Test problems are similar to strategies often used to solve missing value 
proportional reasoning problems. The norming strategy was used on approximately 17% 
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of the problems. Norming to solve comparison proportional problems has been described 
by Lamon (2007) as fixing one quantity in a proportional reasoning problem so that the 
other quantity could be compared independently of other quantities. On steepness 
problems, norming involves pictorially holding constant one dimension, either vertical or 
horizontal, and comparing the other dimension alone. For example, some participants 
superimposed one roof on top of another and compared vertical heights at the same 
horizontal distance to determine the steeper roof. The norming strategy is classified as a 
more advanced strategy than simply using one measurement. By holding one 
measurement constant, participants who used the norming strategy demonstrated 
understanding that it is necessary to consider both the vertical and horizontal dimensions. 
Participants who attained Proportional Reasoning Levels 3 and 4 used the norming 
strategy much more frequently than participants who attained Proportional Reasoning 
Levels 1 and 2. Future research could investigate whether being able to norm using 
proportions as well in physical situations leads to increased understanding of functional 
situations that could involve norming. 
The scaling strategy involved a qualitative description that one object was an 
enlarged version of the other, or that one object was a smaller version of the other. The 
scaling strategy was relevant only for problems with structural difficulty levels 4 and 5, 
whose objects were similar to each other. As reported in Table 4.3.5, the scaling strategy 
was used by participants of all proportional reasoning levels on some of the Steepness 
Test problems in structural difficulty levels 6, 7, and 8. Success using the scaling 
strategy to solve steepness problems ranged from 32% to 67%, indicating that this 
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strategy was not well understood or implemented. Future research could involve 
interviews during which participants who start using the scaling strategy are prompted to 
provide quantitative justifications for their qualitative observations, to gain a better 
understanding of what participants determine to be a measure of steepness. 
In this study, participants who attained higher proportional reasoning levels 
identified ratios or rates such as scale factors more frequently than participants who 
attained lower levels of proportional reasoning. An example of a Proportional Reasoning 
Level4 interview participant's use of a rate on Steepness Test line problems is a 
participant's labeling the axes distance and time, and then comparing speeds. The 
participant applied knowledge about distance-rate-time graphs that she learned from 
science class to steepness problems. The ratio or rate strategy was used by participants 
who attained Proportional Reasoning Level 1 at a success rate of 50%, indicating that 
these participants did not have a reliable way of implementing this strategy. Proportional 
Reasoning Levels 3 and 4 participants used the ratio or rate strategy more often than 
other participants, and were able to attain success rates of over 75% using this strategy. 
A future study could investigate students' understanding of the procedures involved in 
solving proportional reasoning problems and their abilities to apply this knowledge. 
In summary, results from the interview participants in this study show that 
participants with lower proportional reasoning levels used the non-proportional strategies 
more often. Not only did participants with higher proportional reasoning levels use the 
proportional strategies more often but they also demonstrated higher success rates in 
executing the proportional strategies than participants with lower proportional reasoning 
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levels. This suggests that there may be a developmental progression in the use of 
strategies to solve steepness problems that can be influenced by proportional reasoning 
abilities. The interview study included at most six participants who attained each 
proportional reasoning level. Further study with a larger sample size is necessary, 
however, before further generalizations can be made about participants' solution 
strategies on steepness problems based upon their proportional reasoning levels. 
In this section, participants' performances on the three Steepness Test context and 
eight structural difficulty levels was discussed, as were potential connections between 
proportional reasoning levels and abilities to solve steepness problems. Participants' 
strategies used on the Steepness Test in relation to their success rates for solving 
problems and proportional reasoning levels were also discussed. In the next sections, 
limitations of the study and recommendations for future research are listed. 
Section II: Limitations of the Study 
The conclusions of the study must be evaluated in the context of the sample and the 
measurements used. Results may not be generalizable to other students in different grade 
levels or school systems. 
1. The construction of the roof and staircase problems may have influenced the 
results ofthis study. On the roof problems, the vertical heights ofthe rectangular 
houses underneath the roofs were the same for each pair of roofs. On the 
staircase problems, the steeper of the two staircases alternated between being the 
shorter of the two staircases. Perhaps if the height of the houses beneath the roofs 
varied in height or if the staircases were all presented with the same height, then 
133 
the problems situated in the roof context might not have been easier for 
participants than problems situated in the staircase context. 
2. The effect of the ordering of contexts on the Steepness Test may have impacted 
research participants' performance on the line problems. Since the line problems 
were presented last, participants may have learned from solving previous 
problems situated in the two other contexts, roofs and staircases. 
3. The Steepness Test consisted of24 items, with only one problem representing 
each different pairing of context and structural difficulty level. There may have 
been too few problems administered to participants in order to make 
generalizations about the interaction of context and structural difficulty level and 
its impact on participants' successes in solving problems involving steepness. 
4. The sample size of the interview study was small and not evenly distributed 
across proportional reasoning levels. Only one participant who attained 
Proportional Reasoning Level 0 participated in this study, whereas there were 
multiple participants in each of the other Proportional Reasoning levels. 
Therefore, the findings of this study may not be able to be generalized to students 
at all proportional reasoning levels. 
5. During the interviews, some participants started by using one strategy but then 
switched to another strategy during the course of solving the problem. The last 
strategies used by participants to arrive at their final answers were coded for this 
study. This may have affected the results of this study. 
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6. Participants were able to use non-proportional reasoning to correctly solve some 
steepness problems. Likewise, participants sometimes used proportional 
strategies and due to a procedural error, subsequently answered steepness 
problems incorrectly. This may have impacted the calculation of success rates 
of the strategies. 
7. During the interviews in this study, the interviewer accepted an angular 
justification for why participants felt that one object was steeper than another. 
However, only non-angular responses were analyzed. Additional strategies might 
have been used if participants had been asked to give a non-angular justification. 
Section III: Recommendations for Future Research 
Based on the findings of this study and the limitations, the following recommendations 
for future research are made. 
1. The survey part of this study used participants from a high social-economic status 
school district. This study could be replicated to see if the nature of the student 
population is associated with performance on steepness tasks. 
2. In the interview portion of this study, there was a small group of research 
participants. This study could be replicated with a larger group of research 
participants in grades 6, 7, and 8. 
3. Results of this study indicate that participants had varying success on steepness 
problems situated in three different contexts. A study that presents more than 
three contexts could be used to further investigate the effect of context on 
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participants' performance on steepness problems. In addition, contexts could be 
ranked in terms of their accessibility to students. 
4. Results of this study indicate that more participants correctly answered steepness 
problems with lower structural difficulty levels, and fewer participants correctly 
answered steepness problems with higher structural difficulty levels. A study that 
further investigates participants' performances on structural difficulty levels by 
age, to determine whether or not there is a developmental progression of 
attainment of the difficulty levels, should be conducted. 
5. Results of this study showed that participants had difficulty identifying relevant 
data to determine steepness. To gain greater insight into ways to help participants 
select an appropriate measure of steepness, an extension of this study could 
investigate whether students are able to revise their limited conceptions of 
steepness. Future research could incorporate interviews modeled after De Bock's 
(De Bock, Van Dooren, Janssens, & Verschaffel, 2002) research methodology in 
which an interviewer asks participants selected tasks specific to that participant 
that address particular misconceptions that he or she exhibits. 
6. Some of the steepness problems with lower structural difficulty levels could be 
reliably solved correctly using non-proportional methods, whereas the steepness 
problems with higher structural difficulty levels could not. A future study could 
be conducted that investigates strategy choice on steepness problems across 
contexts and structural difficulty levels. 
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7. Results of this study indicate that participants' proportional reasoning abilities 
account for about 25% of the variation in their scores on the Steepness Test. 
Other factors that may impact participants' abilities to solve steepness problems, 
such as their abilities to compare angles, should be investigated. A future study 
could explore whether participants' intuitions about angular measures of 
steepness can help them understand the use of a ratio to measure steepness. 
8. Results of this study indicate that there is a relationship between participants' 
proportional reasoning abilities and their success in solving steepness problems. 
A future study could examine the effects of instruction regarding proportional 
reasoning on participants' abilities to solve steepness problems. 
9. Results of this study indicate that there is a relationship between participants' 
proportional reasoning abilities and the strategies that they used to solve steepness 
problems. A future study could explore whether there is a developmental 
progression that middle school students progress through when learning about 
steepness, such as measuring steepness first using an angle and then learning to 
measure steepness using a ratio. A developmental progression for learning about 
steepness might be analogous to the additive to multiplicative developmental 
progression when learning about proportional reasoning and the local to global 
developmental progression when learning about slope. 
10. To extend the results of this study on a broader level, curriculum could be 
designed which treats proportional reasoning, steepness, and slope as related 
concepts. Moyer, Cai and Grampp (1997) recommend that instruction begins 
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with comparison activities that will form a foundation for students to eventually 
use ratios to compare steepness in these various contexts. For older students who 
may already understand the steepness of physical objects, Teuscher and Reys 
(20 1 0) recommended that the concepts of slope, rate of change, and steepness be 
discussed simultaneously so that students can gain understandings of each of 
these ideas in relation to each other. The effectiveness of such curriculum to 
teach the concepts of proportional reasoning, steepness, and slope could be tested. 
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APPENDIX A 
THE RATIO AND PROPORTION TEST 
139 
Dear Student, 
Thank you for helping me with my research on middle school students' understandings of 
mathematics concepts. 
Please make sure that you have a centimeter ruler available. 
Please make sure that you use a pen to record your responses. If you need to change your 
answer on a question, please cross out your old answer and write in the new answer. 
Please respond to each question and try not to leave any blanks. 
Please work quietly by yourself on these questions and do not discuss them with your 
friends until after everyone in your class turns in their surveys. 
Your work on this exam will not affect your mathematics grade in any way. 
Sincerely, 
MOMtA ~ 
Diana Cheng 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
Please fill out these questions prior to completing Survey R: 
What grade are you in? _____ _ 
What school are you attending? ______ _ 
Are you a boy or a girl? _____ _ 
Question 1 
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Onion soup recipe for 8 persons 
8 onions 
2 pints water 
4 chicken soup cubes 
2 dessert spoons butter 
Yz pint cream 
I am cooking onion soup for 4 people. 
(iii) How much water do I need? 
(iv) How many chicken soup cubes do I need? 
I am cooking onion soup for 6 people. 
(v) How much water do I need? 
(vi) How much cream do I need? 
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Question 2a 
There are 3 eels A, B, and C in the tank at the Zoo. 
15 em long 
10 em long 
5 em long c 
B 
The eels are fed sprats, the number depending on their length. 
(i) If C is fed two sprats, how many sprats should B and A be fed to match? 
B: 
A: 
------
(ii) IfB eats 12 sprats, how many sprats should A be fed to match? 
(iii) If A gets 9 sprats, how many sprats should B get to match? 
A 
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Question 2b 
Three other eels X, Y, and Z, are fed with fishfingers, the length of the fishfinger 
depending on the length of the eel. 
25cm long Z 
15 em long Y 
10 em long X 
(i) If X has a fishfinger 2 em long, how long should the fishfinger given to Z be? 
(ii) If Y has a fishfinger 9 em long, how long should the fishfinger given to Z be? 
(iii) If Z has a fishfinger 10 em long, how long should the fishfingers given to X 
and Ybe? 
X: 
-----
Y: ____ _ 
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Question 3 
Three doctors share an office. 
Dr. Ahmed comes in to work 2 days a week. 
Dr. Brown comes in to work 4 days a week. 
Dr. Cartier comes in to work 6 days a week. 
The bill for lighting their office is $240 a week. 
How much should each pay per week for it to be fair? 
Dr. Ahmed: ____ _ 
Dr. Brown: _____ _ 
Dr. Cartier: 
-----
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Question 4 
Use your centimeter ruler. Finish drawing the bottom diagram so that the top and bottom 
diagrams are the same shape but the bottom one is bigger. 
B 
B' 
How long should the missing line be if the diagram with B' is to be the same shape but 
bigger than the one above? 
_____ em 
145 
Question 5 
You can see the height of Mr. Short measured with paperclips. 
Mr. Short has a friend Mr. Tall. When we measure their heights with matchsticks: 
Mr. Short's height is four matchsticks, 
Mr. Tall's height is six matchsticks. 
How many paperclips are needed for Mr. Tall's height? 
Question 6 
A metal alloy consists of 2 or more metals. 
In a particular metal alloy there are: 
3 parts tin to 1 0 parts copper 
8 parts zinc to 15 parts copper. 
You would need how many parts zinc to how many parts tin? 
_____ parts zinc to _____ parts tin. 
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Question 7 
These 2 letters are the same shape, one is larger than the other. 
s 
E 
v 
AC is 8 units. RT is 12 units. 
(i) The curve AB is 9 units. How long is the curve RS? 
(ii) The curve UV is 18 units. How long is the curve DE? 
Question 8 
%means per cent or per 100, so 3% is 3 out of every 100. 
(i) The newspaper says that 24 out of 800 cars have a faulty engine. What 
percentage is this? 
(ii) The price of a coat is $20. For a sale, it is reduced by 5%. How much does it 
cost now? 
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Appendix B: Ratio and Proportion Test Answers 
Question Answer Level of proportional 
reasoning 
1(i) 1 pint 1 
1(ii) 2 1 
1 (iii) 3/2 _I>ints 3 
1(iv) 3/8 pints 3 
2a(i)B 4 1 
2a(i)A 6 1 
2a(ii) 18 2 
2a(iii) 6 2 
2b(i) 5 3 
2b(ii) 15 3 
2b(iii)X 4 3 
2b(iii)Y 6 3 
3A,B,C 40,80,120 2 
4 10/3 em 4 
5 9 3 
6 16,9 or anything equivalent 4 
to 16/9 when first number is 
divided by second number 
7(i) 13.5 4 
7(ii) 12 4 
8(i) 3 2 
8(ii) 19 3 
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SurveyS 
This is a survey about steepness. 
What does it mean to say that something is very steep? 
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In the next problems you will decide on which roof, set of stairs, or line is steeper. If both 
have the same steepness, circle them both. 
Circle the roof that is steeper. If both have the same steepness, circle them both. 
1. 
2. 
3. 
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Circle the roofthat is steeper. If both have the same steepness, circle them both. 
4. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
6. 
7. 
8. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
9. 
10. 
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11. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
12. 
13. 
14. 
156 
Circle the set of stairs that are steeper. Ifboth have the same steepness, circle them both. 
15. 
16. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
17. 
18. 
19. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
20. 
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23. 
24. 
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THIS IS THE END OF THE SURVEY! THANK YOU! 
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Answers to Steepness Test 
Problem# Which is Context Levels Slopes of 
steeper? two lines 
1 Left Roofs 1 2/1 vs. 1;2 
2 Both Roofs 4 2/2 vs 3/3 
3 Left Roofs 7 3/2 vs. 4/3 
4 Right Roofs 2 1/1 vs. 211 
5 Right Roofs 8 2/5 vs. 3/7 
6 Left Roofs 6 3/1 vs. 5/2 
7 Right Roofs 3 2/2 vs. 4/3 
8 Both Roofs 5 2/4 vs. 1;2 
9 Left Stairs 3 4/3 vs. 2/2 
10 Right Stairs 6 5/2 vs. 3/1 
11 Right Stairs 1 1;2 vs. 211 
12 Both Stairs 5 2/4 vs. 1;2 
13 Both Stairs 4 2/2 vs. 3/3 
14 Right Stairs 7 4/3 vs. 3/2 
15 Left Stairs 2 211 vs. 111 
16 Top I Left Stairs 8 3/7 vs. 2/5 
17 Right Lines 2 1/1 vs. 2/1 
18 Both Lines 5 1;2 
19 Left Lines 8 3/7 vs. 2/5 
20 Left Lines 3 4/3 vs. 2/2 
21 Right Lines 7 4/3 vs. 3/2 
22 Left Lines 1 211 vs. 1;2 
23 Both Lines 4 111 
24 Right Lines 6 2/5 vs. 3/1 
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October 7, 2009 
Dear Head of* School, 
I would like to thank you for allowing me to carry out my study at your school and for supporting 
my research. I feel fortunate to have the opportunity to work with your school on a project that will inform 
both research and teaching. 
This study will help us learn about students' informal knowledge of steepness. In research, 
preliminary findings suggest a paradox. Algebra students around the world struggle with the concept of 
slope, while students as early as in second grade show understanding of the variables that affect steepness: 
i.e. vertical, horizontal distances and the angle. A clue to the problem could be in that while pre-algebra 
students have tremendous insights into steepness, my colleagues and I have also observed some recurring 
misconceptions. With this study and further research, my goal is to learn more about how pre-algebra 
students reason about steepness and how teachers can help prepare them for the formal study of slope. 
This study involves one pen-and-paper survey of mathematics problems administered twice on 
consecutive days. The exams should take between 15-20 minutes to complete. I will obtain each 
mathematics teacher's informed consent prior to including his or her students' work into the study. 
Under the direction of my dissertation committee headed by Dr. Suzanne Chapin of Boston 
University, I plan to use these findings in my doctoral dissertation, publish them in a mathematics 
education periodical, present them at national and international conferences, and use these results to 
improve activities to better address middle school students' needs regarding slope. 
One of the requirements of Boston University is that we obtain written consent from the 
headmaster of the cooperating school. I have provided this letter in duplicate and would be very grateful if 
you would sign one of the copies in the space below. I will retain the signed copy in my records and will 
publish it in one of my dissertation appendices. 
I again thank you for your support and will be happy to answer any questions that may arise. 
Sincerely, 
Diana Cheng, dianasc@bu.edu 
Boston University School of Education Mathematics Education Doctoral Student 
I have read the above and support Diana Cheng in the implementation of the above study at the * 
School. 
Name (Print) Signature Date 
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Informed Consent Form 
October 7, 2009 
Dear Mathematics teacher: 
I am a doctoral student in mathematics at Boston University, conducting a dissertation 
study that explores middle school students' understanding of mathematics concepts 
before they formally study algebra. I taught mathematics at a private school in the 
Boston area prior to entering my doctoral program. I am requesting permission for your 
students to be part of this study. 
Participation in this research project is completely voluntary. It will involve collection of 
your students' work on one written survey of middle school mathematics, administered 
twice. Participation in the study will not affect your students' grades in mathematics. 
The data collected (whether student work and survey scores) will be categorized with 
data from other students. To ensure confidentiality, student names will not be used with 
student data, but rather a non-identifying number will be assigned to each student. All 
data will be kept in a secure location at Boston University. 
The findings from this research will be used to inform researchers and teachers about 
students' thought processes as they solve mathematics problems, in an effort to improve 
mathematics teaching. These results may be shared internationally with mathematics 
educators. 
If you have any questions, please contact me by emailing me at dianasc@bu.edu. You 
may also contact my dissertation advisor at Boston University, Dr. Suzanne Chapin, 
schapin@bu.edu. 
Sincerely, 
/JtOMo. ~ 
Diana Cheng 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
I have read and understood the information regarding this study. I grant Boston 
University permission to include my students' work in the research study. I agree to let 
the researchers collect and analyze data involving the mathematical problem solving 
skills of my students. 
I understand that participation in the study is voluntary. My students may decline to 
participate or I may withdraw them at any time with no penalty or loss of benefits. I 
understand that confidentiality will be maintained in the manner described above. I also 
acknowledge receipt of a copy of this form. 
Teacher's Name Teacher's Signature 
Date 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
In the event that the researchers wish to use written data collected from students in 
research articles, education class presentations, and research conferences, the researchers 
must request additional permission. Please sign below if you grant permission for your 
students' written work to be used for such purposes. 
I grant permission for researchers to display written data collected from my students 
during this study in research articles, education class presentations, and research 
conferences. 
Teacher's Name Teacher's Signature 
Date 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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Dear * School Teacher, 
My name is Diana Cheng. I am a doctoral student in mathematics education at Boston University School of 
Education. Under the direction of my dissertation advisor, Dr. Suzanne Chapin (schapin@bu.edu), I am 
researching middle school students' understanding of mathematics concepts related to the study of algebra. 
The results of the study will provide insight for teachers and curriculum developers who wish to prepare 
students for the study of algebra. 
As part of my research, I am asking teachers in grades 6, 7, and 8 to administer a pen-and-paper 
survey on steepness to their students. The survey includes problems about the steepness of roofs, lines, and 
stairs. I expect that the survey will take most students between 15 to 20 minutes to complete each of two 
times. 
Please follow these administrative instructions: 
• Administer the survey the first time in one class period. For your own records, please keep track of 
student names and their test numbers in the upper right hand comer of the test. 
• Administer the survey the second time in the next class period. Please make sure that each student 
receives the "a" test number of the corresponding number from the first day. For instance, the student 
who receives test "144" on the first day should complete test "144a" on the second day. 
• You may explain or clarify the directions, but please do not assist students in answering any questions. 
• Calculators may not be used. 
• Work is to be done by individuals- students should not discuss their work with others. 
• Scratch work can be done on the instrument. 
• If a student decides to change an answer, a line should be drawn through the "incorrect" answer. 
Students should not use correction fluid. 
• You may discuss the content of the test after the survey is administered twice. Please do not cover any 
material in between the first and second administrations. 
Encourage the students to attempt all of the questions. Based on the results ofthe survey, I will 
provide you with data on your students by class. To ensure confidentiality, student names will not be used 
with student data, but rather a non-identifying number will be assigned to each student. All data will be 
kept in a secure location at Boston University. 
I would very much appreciate any information that you can provide about the class. The form on 
the page entitled "Mathematics Class Information" contains a number of questions that would help me in 
my analysis. 
Thank you very much for your help. If you have further questions, please contact me at 
dianasc@bu.edu. 
Sincerely, 
Diana Cheng 
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October 9, 2009 
Dear Principal, 
I would like to thank you for allowing me to carry out my study at your school and for supporting 
my research in this collaboration. I feel fortunate to have the opportunity to work with your school on a 
project that will inform both research and teaching. 
This study will help us learn about students' informal knowledge of steepness. In research, 
preliminary fmdings suggest a paradox. Algebra students around the world struggle with the concept of 
slope, while students as early as in second grade show understanding of the variables that affect steepness: 
i.e. vertical, horizontal distances and the angle. A clue to the problem may be that while pre-algebra 
students have tremendous insights into steepness, my colleagues and I have also observed some recurring 
misconceptions. With this study and further research, my goal is to learn more about how pre-algebra 
students reason about steepness and how teachers can help prepare them for the formal study of slope. 
This study involves two surveys of mathematics problems administered on the same day. The 
surveys should take approximately 45-60 minutes total. Both Survey R and Survey S will be given in pen-
and-paper format. 
Under the direction of my dissertation committee headed by Dr. Suzanne Chapin of Boston 
University, I plan to use these findings in my doctoral dissertation, publish them in a mathematics 
education periodical, present them at national and international conferences, and use these results to 
improve activities to better address middle school students' needs regarding slope. 
One of the requirements of Boston University is that we obtain written consent from the 
headmaster of the cooperating school. I have provided this letter in duplicate and would be very grateful if 
you would sign one of the copies in the space below. I will retain the signed copy in my records. 
I am happy to answer any questions that may arise and thank you for your support. 
Sincerely, 
Diana Cheng, dianasc@bu.edu 
Boston University School of Education Mathematics Education Doctoral Student 
I have read the above and support Diana Cheng in the implementation of the above study at my 
school, _________ (name of your school). 
Name (Print) Signature Date 
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October 9, 2009 
Dear Teacher, 
My name is Diana Cheng. I am a doctoral student in mathematics education at Boston University 
School of Education. Under the direction of my dissertation advisor, Dr. Suzanne Chapin 
(schapin@bu.edu), I am conducting explores middle school students' understanding of mathematics 
concepts before they formally study algebra. The results of the study will provide insight for teachers and 
curriculum developers who wish to prepare students for the study of algebra. 
As part of my research, I am asking teachers in grades 6, 7, and 8 to conduct two pen-and-paper 
individual surveys with their students. The first survey, Survey R, looks at students' solutions to problems 
involving ratios and proportions. I have omitted references to the words 'ratio' and 'proportion,' as not all 
students may have learned these terms yet. The second survey, SurveyS, looks at students' solutions to 
problems involving steepness of roofs, lines, and stairs. I expect that these two activities combined will 
take most students between 45 to 60 minutes to complete. The two surveys should be taken consecutively 
on the same day, or on consecutive days with no material on taught about steepness or slope in between the 
two days. Survey R should be taken prior to Survey S. 
Please follow these administrative instructions: 
• Teachers may explain instructions, but may not assist students in answering any questions. 
• Please make centimeter rulers available to students, as they are necessary for completing the 
first survey. 
• Students should use pens to complete their work. If a student decides to change an answer, a 
line should be drawn through the "incorrect" answer. Students should not use correction fluid. 
If students wish to do scratch work, they should do so on the test paper itself, and not on 
separate scrap paper. 
• Students should work silently at their desks, and may not discuss questions with their peers. 
• Please ask the students to attempt all of the questions. We are interested in the variety of 
answers students give, rather than simply marking answers right or wrong. Please discourage 
students from leaving blanks. 
• If students decide not to take part, they should either do separate seatwork quietly or be asked 
to complete the surveys, although their surveys will not be sent to us. 
To ensure confidentiality, student names will not be used with student data, but rather a non-
identifying number will be assigned to each student. All data will be kept in a secure location at Boston 
University. 
I would very much appreciate any information that you can provide about the class. The form on 
the following page contains a number of questions that would help me in my analysis. 
Thank you very much for your help. If you have further questions, please contact me at 
dianasc@bu.edu. 
Sincerely, 
Diana Cheng 
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Please fill in once for each class of students. 
Drue: ________________________________________________________________________ __ 
Teacher's name: 
Best way to contact you ifl have questions (phone, e-mail, etc):-------------------------------
District: 
---------------------------
School: -------------------------------
Grade: ---------------------------------------------------------------------
Ifyour school tracks or groups in any way for mathematics classes, please give as much information as 
possible about this particular class: -----------------------------------
Mathematics curriculum used: 
--------------------------------
Do you supplement the curriculum? If so, what do you use to supplement? ____________ __ 
To the best of your knowledge, have the students discussed steepness in your class or a prior mathematics 
class? If so, in what contexts have you discussed steepness? _________________ _ 
To the best of your knowledge, have the students discussed slope in class? If so, in what contexts have you 
discussed slope? ____________________________________ _ 
I, _______________________________ (please print your name), certify that: 
The probability and magnitude of students' discomfort anticipated in the research are not greater in and of 
themselves than those ordinarily encountered during students' performance on other mathematics tests. 
I also acknowledge receipt of a copy of this form. 
Teacher's Signature Date 
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Informed Consent Form 
Dear Parent or Guardian: 
I am a doctoral student in mathematics at Boston University, conducting a dissertation 
study that explores middle school students' understanding of mathematics concepts 
before they formally study algebra. I am requesting permission for your child to be part 
ofthis study. 
Participation in this research project is completely voluntary. It will involve the 
collection of your child's work on a written survey of middle school mathematics as well 
as your child's work during an interview. During this one-on-one interview with me held 
at * School, your child will be asked to solve mathematics problems aloud, and his I her 
problem solving steps and strategies will be record. Your child will be audiotaped and 
videotaped while solving problems. Participation in the study will not affect your child's 
grade in mathematics. Your child should feel free to withdraw at any time without fear 
of penalty. 
The data collected (whether student work, survey scores, or problem solving steps) will 
be categorized with data from other students. To ensure confidentiality, student names 
will not be used with student data, but rather a pseudonym will be assigned to each 
student. All data will be kept in a secure location at Boston University. The video and 
audio data will be viewed and listened to by myself and other researchers helping me. 
Images of your child will not be released to the press, the Internet, or to the general 
public without your additional consent. 
The findings from this research will be used to inform researchers and teachers about 
students' thought processes as they solve mathematics problems, in an effort to improve 
mathematics teaching. These results may be shared internationally with mathematics 
educators. 
If you have any questions, please contact me by emailing me at dianasc@bu.edu. You 
may also contact my dissertation advisor at Boston University, Dr. Suzanne Chapin, 
schapin@bu.edu. 
Sincerely, 
/Jt'awA ~ 
Diana Cheng 
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I have read and understood the information regarding this study. I grant Boston 
University permission to include my child in the research study. I agree to let the 
researchers collect and analyze data involving the mathematical problem solving skills of 
my child. 
I understand that participation in the study is voluntary. My son/ daughter may decline to 
participate or I may withdraw him I her at any time with no penalty or loss of benefits. I 
understand that confidentiality will be maintained in the manner described above. I also 
acknowledge receipt of a copy ofthis form. 
Child's Name Parent I Guardian Signature 
Date 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
In the event that the researchers wish to use video, audio, or written data collected from 
students in research articles, education class presentations, and research conferences, the 
researchers must request additional permission. Please sign below if you grant 
permission for your child's image, voice or written work to be used for such purposes. 
I grant permission for researchers to display video, audio, and written data collected from 
my child during this study in research articles, education class presentations, and research 
conferences. 
Child's Name Parent I Guardian Signature 
Date 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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Informed Assent Form 
Dear Student: 
I am a doctoral student in mathematics at Boston University, conducting a dissertation 
study that explores middle school students' understanding of mathematics concepts 
before they formally study algebra. You have an opportunity to be part of this study. 
Participation in this research project is completely voluntary. It will involve the 
collection of your work on a written survey and an interview. You will be asked to solve 
mathematics problems aloud during one-on-one sessions with a researcher, and your 
problem solving steps and strategies will be record. You may be audiotaped and 
videotaped while solving problems. Participation in the study will not affect your grade 
in mathematics. You should feel free to withdraw at any time without fear of penalty. 
The data collected (whether student work, test scores, or problem solving steps) will be 
categorized with data from other students. To ensure confidentiality, your name will not 
be used or connected to your work, but rather a pseudonym will be assigned that will 
only be known by researched involved in this project. Copies of student work, 
videotapes, and audiotapes will be kept in a secure location at Boston University. These 
will only be used in research articles and presentations that I write if you give separate 
permission for me to use them. 
The findings from this research will be used to inform researchers and teachers about 
students' thought processes as they solve mathematics problems, to improve mathematics 
teaching. If you have any questions, please ask your teacher or leave a message for me 
with your teacher. Thank you for your help. 
Sincerely, 
Diana Cheng 
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••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
I have read and understood the above and assent to being in this study. I understand that 
participation in the study is voluntary. I may decline to participate or I may withdraw at 
any time with no penalty. I understand that my identity will remain confidential. I also 
acknowledge receipt of a copy of this form. 
Signature Date 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
In the event that the researchers wish to use video, audio, or written data collected from 
students in research articles, education class presentations, and research conferences, the 
researchers must request additional permission. Please sign below if you grant 
permission for your image, voice or written work to be used for such purposes. 
I grant permission for researchers to display video, audio, and written data collected from 
me during this study in research articles, education class presentations, and research 
conferences. 
Signature Date 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
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Interview Directions: 
The problems ask you to look at two lines, two staircases and two roofs and determine 
which of them is steeper: the one on the left, right, or both. You will use a pen to circle 
which you think is steeper. 
In these problems I am interested in what you think about when you find decide which 
line, staircase or roof is steeper. In other words I am interested in everything that may be 
occurring in your head whether it is pictures, images, procedures, rules, words, memories, 
experiences or even feelings. In order to do this I am going to ask you to TALK ALOUD 
as you work each problem. I want you to tell me EVERYTHING you are thinking as you 
decide on which thing is steeper in each problem. In other words, let me in on your 
stream of consciousness. Try to talk constantly as you move from one problem to 
another. If you are silent for 10 or 15 seconds I will remind you to please keep talking. 
Do you have any questions? 
Sometimes I will ask you some questions. This is not because your answer is wrong. It is 
because I am trying to learn about your thinking and want you to explain your thought 
processes in more detail. 
Okay, let's begin. Remember you are to compare two things and determine which is 
steeper. If both have the same steepness, circle both pictures. 
177 
This is an interview about steepness. 
What does it mean to say that something is very steep? 
In the next problems you will decide on which roof, set of stairs, or line is steeper. If both 
have the same steepness, circle them both. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
1. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
2. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
3. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
4. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
6. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
7. 
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Circle the roof that is steeper. If both have the same steepness, circle them both. 
8. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
10. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
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Circle the set of stairs that are steeper. lfboth have the same steepness, circle them both. 
12. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
13. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
14. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
15. 
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Circle the set of stairs that are steeper. If both have the same steepness, circle them both. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
18. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
24. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
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Circle the line that is steeper. If both have the same steepness, circle them both. 
24. 
THIS IS THE END OF THE INTERVIEW! THANK YOU! 
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